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1 Fractional Brownian motion

We remind that a stochastic process (X;):>¢ defined on a probability space (€2, F,P)

is said to be a Gaussian process if for every ti,---,¢, € Ry, the random vec-
tor (X, -, X,) is Gaussian. The distribution of a Gaussian process (X;);>o is
uniquely determined by its mean function

m(t) = E(Xy),

and its covariance function
R(s, 1) = B((X, — m(£)) (X, — m(s)).

We can observe that the covariance function R(s,t) is symmetric, that is R(s,t) =
R(t,s), and positive, that is for ai, ..., a, € R and t1, ..., t,, € R,

Z aia/jR(ti,tj) = Z aiajE ((Xti - m(ti))(th - m(tj)))

1<i,j<n 1<ij<n

—E (Zn:(xti - m@-))) > 0.

i=1

As an application of the Daniell-Kolmogorov theorem, it is possible to prove the
following basic existence result for Gaussian processes.

Proposition 1.1 Letm : R>g — R and let R : R>o X R>o — R be a symmetric and
positive function. There exists a probability space (2, F,P) and a Gaussian process
(Xt)i>0 defined on it, whose mean function is m and whose covariance function is

R.

Definition 1.2 Let H € (0,1]. A continuous Gaussian process (By)i>o is called a
fractional Brownian motion with Hurst parameter H if its mean function is 0 and
its covariance function is

1
R(s,t) = 5 (7 4+ 27— |t — s]*)

We may observe that for H = %, the covariance function becomes

R(s,t) = min(s,t).

As a consequence, a fractional Brownian motion with Hurst parameter H = % is
a Brownian motion. If (B;);>o is a fractional Brownian motion with parameter H,
then we have

E(B; — B,) = 0,
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and
E((B, — B,)?) = E(BY) + E(B?) — 2E(B,B,) = |t — s|"".

We can deduce from this simple computation that fractional has stationary incre-
ments: For every h > 0, the two processes (B, — By)i=0 and (Bi);>o have the same
distribution. Fractional Brownian motion also enjoys a scaling invariance property.
Indeed, for ¢ > 0, we have

E(B.Bes) = *"E(B,B,).

Therefore, for every ¢ > 0, the two processes (B )i>o and (¢ B;);>o have the same
distribution. Up to a constant, fractional Brownian motion is actually the only
continuous Gaussian process that enjoys the two above properties. We let the proof
of the following proposition as an exercise.

Proposition 1.3 Let (X;)i>0 be a continuous Gaussian process with stationary in-
crements such that for every ¢ > 0, the two processes (X )i>o and (¢! X;)i>0 have
the same distribution. Then, there is a constant o, such that X, = oB;, where
(Bt)t>0 s a fractional Brownian motion with parameter H.

We now turn to the regularity of fractional Brownian motion paths. In the theory of
stochastic processes, we often use the Holder scale to quantify the regularity of the
paths of a process. Let v € [0,1]. A function f :[0,7] — R is said to be ~-Holder
continuous if there exists a constant ¢ > 0 such that for every s, ¢ € [0, ],

[f () = fs)] < cft —s].

The most useful tool to study the Holder regularity of stochastic processes is cer-
tainly the celebrated Kolmogorov continuity theorem.

Theorem 1.4 (Kolmogorov continuity theorem) Let o, e, ¢ > 0. If a process (Xy)iepo,r]
satisfies for s, t € [0,T],

E(X;, — X ") <c|t—s]|",

then there exists a modification of the process (Xi)ico,r] that is a continuous process
and whose paths are ~y-Hélder continuous for every v € [0, £).

e
As a consequence of the Kolmogorov continuity theorem we deduce:
Proposition 1.5 Let (B;)i>o be a fractional Brownian motion with parameter H.

For everyT > 0 and 0 < € < H , there is a finite random variable 0. such that
for every s, t € [0,T],

|B; — Bs| < nerplt — s]Hfs, a.s.



Proof. As seen before, we have
E((B; — Bs)?) = E(B}) + E(B?) — 2E(B;B;) = |t — s|*.

More generally, due to the stationarity of the increments and the scaling property
of fractional Brownian motion, we have for every k > 1/H,

E(|B; — B|") = E(|Be—s|*) = |t — s|"E(|B.[").

As a consequence of the Kolmogorov continuity theorem we deduce that there is
a modification (Bt)te[o,ﬂ of the process (By)icp,r) that is a continuous process and
whose paths are v-Hélder continuous for every v € [0, H — %) Since (Bt)te[O,T] and
(Bi)ieo,r) are both continuous, we deduce that these two processes are actually the
same. U

As a consequence of a result in [1], if (B;):>o is a fractional Brownian motion with

parameter H, then
B
P(limsup ————=1| = 1.
< u—}a uv/Inlnu—1 >

Hence, the paths of a fractional Brownian motion are not «-Hélder for any v > H.
It is sometime useful to notice that fractional Brownian motion can actually be
constructed from the Brownian motion by using Wiener integrals.

Namely, if (5;)i>0 is a Brownian motion, then the process

t
B, = / Kult, s)dB,t >0 (1.1)
0
is a fractional Brownian motion with Hurst parameter H, where, if H > %,
t
Ky(t,s) = cHsé_H/ (u— S)H_%UH_%du , t>s.

and cy is a suitable normalization constant. When H < %, the expression for
Ky (t,s) is more difficult and we refer the interested reader to [3].

2 Young’s integrals and stochastic differential equa-
tions driven by fractional Brownian motions

2.1 Young’s integral and basic estimates

One of the main objectives in this course is to study solutions of stochastic differ-
ential equations that can be writen as

dXt = b(Xt)dt + O'(Xt)dBt,
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where (B;);>o is a fractional Brownian motion with parameter H. A first step
is to understand what should be the correct meaning of the integral [ o(X;)dB,
that indirectly appears in this equation. Since, for H < 1, (B;)¢>o does not have
absolutely continuous paths, we can not directly use the theory of Riemann-Stieltjes
integrals to give a sense to integrals like f(f f(s)dBy for every continuous functions
f. However, as it has understood by L.C Young [8], if f is regular enough in the
Holder sense, then fot f(s)dB;s can still be constructed as a limit of Riemann sums.
In the sequel, we shall denote by C*(I) the space of a- Holder continuous functions
that are defined on an interval .

The basic result of L.C. Young is the following:

Theorem 2.1 Let f € CP([0,T]) and g € C7([0,T)). If B+~ > 1, then for every
subdivision t of [0, T], whose mesh tends to 0, the Riemann sums

—

n—

FE)(9(tis) = 9(t7))

I
o

converge, when n — oo to a limit which is independent of the subdivision t'. This
limit 1s denoted fOT fdg and called the Young’s integral of f with respect to g.

This theorem is the cornerstone of the theory of stochastic differential equations
driven by a fractional Brownian motion when H > 1/2. Indeed, intuitively, the
solution of

dXt = b(Xt)dt + O'(Xt)dBt7

should have the same Holder regularity as (B;);>o that is H — ¢ Hoélder. Thus,
provided for instance that o is Lipschitz continuous, the integral [ o(X;)dB; is well
defined as a Young integral when H > 1/2.

The case H = 1/2, corresponds to the Brownian motion case. In that case the
integrals are understood as [t6’s. By using rough paths theory, it is actually possible
to define and study stochastic differential equations driven by a fractional Brownian
motion when H > 1/4. But rough paths theory is beyond the scope of this graduate
level course and, in the sequel, we will always restrict ourselves to the case H > 1/2.

For later use we need to study how to bound Young’s integrals. In the sequel, we
fix T'> 0 and endow the space C*([0,7]) with the norm

1fle = Iflle + sup LD =S

o<s<t<T |t —s]*

where, as usual, [/ = supieioy [£()]
For Young’s integrals, we have the following basic estimates:
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Proposition 2.2 Let f € C#([0,T]) and g € C'([0,T]) with 8+~ > 1. For every
0<s<t<T, we have:

t oy, (=)
Sfdg < Kl flls(t = )" {1+ 555 ) »
lg(t)—g(s)]

[t—s[7
The basic tool to prove this estimate is the following representation of the Young’s
integral which is due to A.A. Ruzmaikina [7].

Lemma 2.3 f € C’([s,t]) and g € C([s,t]) with B4+~ > 1. Let s} = s+ (t — s) 5=,
0 << 2" be the dyadic subdivision of [s,t]. We have

where K = sUpgc,cp<r

+oo 2k—11

/ fdg = f(s)(g ) + Z Z SQH—I (ng)) (9(3§i+2) - 9(3§¢+1)) :

k=1 =0

Proof. Let us consider the Riemann sum
1

Sp = Z F(s7)(g(str) = a(s7))-

It is easily seen that
an—l-1

Sp = Sp—1+ Z (s5i41) — f(55:)) (9(sbir2) — 9(s5i11)) -

We obtain therefore by mductlon

n 2k-1_1
Sn= f(s)(g(t ) + Z Z 521+1 (ng)) (9(3§i+2) - g<S§i+1))
k=1 =0
and the result follows by letting n — oo. U

We can now turn to the proof of Proposition 2.2.

Proof of Proposition 2.2.

We have
¢ +oo 2F—11
[ 70| <100 96D+ Y3 165~ 15 ) — alsh)
S k=1 i=0
+oo 2k-1 1 (t—s)
< K\l - s+ KAy 3
k=1 =0

_ )8
< Klflote =7 (1+ 5525 )



The next proposition is proved in the very same way.

Proposition 2.4 Let f € C°([0,T]) and g € C*([0,T]) with 8+~ > 1. For every
0<s<t<T, we have:

u Ju? f(v) _
b Supue[s,t} ‘fs f(l))dv‘ + SUPs<yy <up<t \ull us|P ‘ < ||f|| (t - 8)1 ﬁ<1 + (t - S)ﬁ)f

o Ify >0,

/Sufngr

where K = supgc,ci<r

Ji $dg i
sup —|L < K| flla(t—s)* (1+(t—5)") (1 i %)

s<uip<us<t |U1 —

sup
u€ls,t]

)

lg(t)—g(s)] '

lt—s|7

2.2 Stochastic differential equations driven by a Holder path

Our goal in this section is to prove the following theorem.

Theorem 2.5 Let g € C7([0,T]) where 3 <~v<1. Letb:R—Rando : R - R
be two functions such that:

e b and o are globally Lipschitz continuous;
e o is continuously differentiable with a globally Lipschitz derivative.

For every xog € R, the ordinary differential equation

z(t) = 350+/0 b(x(s))ds—l—/o o(z(s))dg(s),
has a unique solution in C7([0,T]).

It suffices to prove that for every zo € R and v > 8 > 1 —+, the ordinary differential
equation

x(t) = :L‘o—i-/o b(m(s))ds—i—/o o(z(s))dg(s),

has a unique solution in C?([0,7]) and, then, that, actually, + € C?([0,T]) which
is clear from Proposition 2.2. As it is usual in this type of problems , the idea is
to use a fixed point argument. In the sequel, we work under the assumptions of



Theorem 2.5 and chose v > 8 > 1 —~. We denote L = supg<,;<r %. For
x € CP([0,T)), we denote

¢ t
U(x)(t) = xo—i-/ b(a:(s))ds—i—/ o(z(s))dg(s).
0 0
For K > 0, we define C4 ([0, T]) to be the closed subspace of C?([0,T]) defined by

Cre([0,T),20) = {f € CP([0,T1), £(0) = o, |f (1) = f(s)| < K|t — s|°}.
A first result is the following.
Lemma 2.6 If ¢ > 0 is small enough, then U sends Ch ([0, €], zo) into itself.

Proof. Let e >, 0< s <t <eandz e Ch(0,¢e],2). We have

wm@—wm@W=/meM+/a@mmwn

<| [ batw)da] +| [ otatu)igtw
We have .
/ b(ax(u))du| < (t—s)tzl[lop]lb(w(tm

Since b is Lipschitz, we have for some C' > 0,

sup [b(a(t))| < [b(z0)| + CKe”.

te(0,e]
This yields
t
/ () du

On the other hand, from Proposition 2.2, we have

<L ( sup |o(z(u))|+ sup olr(uz)) = a(x(ul))|> (t—s)” (1

< (t—s) (|b(zo)| + CKE?).

[ otetunigtu

ue0e] 0<u1 <us<e lug — uq|?

Using now the fact that ¢ is Lipschitz, we obtain that for some C' > 0,

sup lo(z()|+ sup 1Z2) =0l

7 < lo(z0)| + CKe? + CK
u€[0,e] 0<uy<ug<e |U2 — U1|



As a conclusion we obtain
[W(z)(t) — W(z)(s)]

b
<(t—s) (|b(zo)| + CKe”) + (t — s)” (1

i m) (lo(zo)| + CKe” + CK) .

This implies,

(W (z)(t) — W(z)(s)]

(t — )P

<(t—5)""7 (|b(zo)| + CKE®) + (t — s)777 (1 +

b

B

Sé‘l_ﬂ (|b(l’0)| + CK&‘B) + 67_5 (1 + m

> (Jo(zo)| + CKe’ + CK) .
It is then clear that for € small enough, we have

B
gl=p (|b(m0)| —I—C’Keﬁ) +e77P <1—|— c 2) (|cr(x0)| + CKe" —|—C’K) < K.

2B+y —

O

The second step is to prove the contraction property

Lemma 2.7 If ¢ > 0 is small enough, then ¥ is a contraction on Ci([(),a], %), for

the norm
1z = sup [F(5)] + sup 1£(0) = f(s)]

o<s<t<e |t—s|?

Proof. In the sequel, we denote by C' a common upper bound on the Lipschitz
constants of b, o and o’. Let x,y € Cf(([O, g], xg). From the triangle inequality, we
have

19(2)— 0 () | < H [ 0tats) ~iuteas| -+

B,

/ (o(a(s)) — o (y(s)))dg(s)

0 Be

From Proposition 2.4, we find

< Cet P14 &%)z — yllpe
B.e

/ (B(a(s)) — bly(s)))ds

0

Again, from Proposition 2.4,

< 27142 (14 g ) o) — o0 e

[ (etats)) = otuls))dgts)

0

B,
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So, we are let to find an upper bound for ||o(x) — o(y)||s.. First, it is obvious that

sup |o(z(s)) —o(y(s))| < C sup [z(s) —y(s)|. < Cllz =yl

0<s<e 0<s<e

Then, we need to control the Holder regularity of o(x) — o(y). The idea is to write

o(z(t)) —o(y(t)) = (z(t) — y(1)) /0 o'(ax(t) + (1 — a)y(t))da
and .
o(z(s)) —o(y(s)) = (z(s) — y(s)) /O o'(ax(s) + (1 — a)y(s))de.
We have therefore
lo(x(t) —a(y(t) — (a(z(s)) — a(y(s)))]
(z(t) — y(t))/o o'(az(t) + (1 — a)y(t))da — (z(s) — y(S))/O o'(az(s) + (1 — a)y(s))da

<

<C(t = )’llw = yllge + Cla(s) — y(s)| /0 alr(t) —z(s)| + (1 = a)ly(t) — y(s)|)do

<C(t—s)’llz = yllp + KC(t = 5)" |z = ylls.
<(C+ KOt = 3) |z — ylse

As a conclusion, we have

B
()0 0)le < O (1ol LT P1e%) (14 s ) (CHECY =l

and it is clear that for € small enough we get a contraction. O

We are now ready to finish the proof of Theorem 2.5. Indeed, the previous Lemma
proves that there is a unique solution to the equation on a small interval [0, ], where
¢ is small enough. More precisely, the estimates have shown that ¢ should satisfy

b

1-p B y—8 B
Ce™P(1+e”)+ Le" P(1+¢ )(1—1—25%_2

)(C+KO)<1,

8
e (|b(xo)| + CKEP) + 77 <1 T 2) (lo(zo)| + CKe? + COK) < K.

25—

Up to the transformation z(t) = tany(t) we can assume that b and ¢ are bounded.
In that case, we can then repeat the argument to construct a unique solution on the
interval [e,2¢] and continue like this to finally obtain a globally defined solution.
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2.3 Multidimensional extension

The results of the previous sections may be extended to a higher dimensional setting.
The following theorem is shown exactly as Theorem 2.5.

Theorem 2.8 Let g € C([0,T],R?) where £ < v < 1. Let b : R" — R" and
o R" = R™4 be two functions such that:

e b and o are globally Lipschitz continuous;
e o0 is continuously differentiable with a globally Lipschitz derivative.

For every xoy € R™, the ordinary differential equation

x(t) = xo—i-/o b(x(s))ds—i—/o o(z(s))dg(s),

has a unique solution in CV([0,T]) which is valued in R™.

2.4 Fractional calculus

Another way to handle Young’s integrals is to use the so-called fractional calculus.
For further details, we refer the reader to ([9]) or ([5]). Let f € L'(a,b) and a > 0.
The left-sided and right-sided fractional integrals of f of order « are defined by:

12, f(x) = ﬁ / (& — g )y

(=)= [ a-1

respectively, where (—1)"® = e~ and I'(«) = [;" u* ‘e "du is the Gamma func-
tion. Let us denote by I, (L?) (respectively I;* (L?)) the image of LP(a,b) by the
operator I¢, (respectively I, ). If f € I¢ (LP) (respectively f € Ii* (LP)) and
0 < a < 1, we define for x € (a,b) the left and right Weyl derivatives by:

Dy f(x) = ra 1_ o) (($f_(xcz)a + oz/a %dy) Lo ()

and

Iy f(x) =

and respectively,

C o D f@) ) - ) )
Pt = (o o [ ) ow
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We have the following property:
Dy, D}, = Dg", DyDy =Dy’

and for f € I¢, (L?), g € I (LP)

| prswgtoa =1 [ ron; gar

The key point that allows to use fractional calculus to study Young’s integrals is the
following Proposition that is due to M. Zahle.

Proposition 2.9 Let f € C*([a,b]) and g € CP([a,b]) with A+ 3> 1. Let 1 — 3 <
a < A. Then the Young’s integral f; fdg exists and it can be expressed as

/fdg— /D (t) Dy~ go—(t)dt,

where g, (t) = g(t) — g(b

Now recall that from ([5]), for a parameter 0 < o < 1/2, W,.~*>°(0, T) is defined as
the space of measurable function ¢ : [0,7] — R such that:

_ o (9O =9 la(y) — g(s)] -
oo = s (WG [ i) <

Clearly, for every € > 0,
Cmr([0, 7)) € Wy (0, T) € €' ([0, T7)

Moreover, if g € Wy “>(0,T), its restriction to (0,t) belongs to I}=*(L>(0,t)) for
every t and

1
Ay(g) i =— su D}7%g, ) (s)].
©) ==y, o D70 (9)
1
<— —aooT <

where g,_(s) = g(s) — g(t). We also denote by W' (0, T) the space of measurable
functions f on [0, 7] such that:

||f||a1—/ s d+/ / 715) ) =T g4y < o



The restriction of f € Wg"'(0,T) to (0,t) belongs to I§ (L'(0,t)) for all t. Now
putting things together, we have:

/Otfdg— /D (5)DI=g,_(s)ds

[ s < s (000 [ 1(08.5) )]s
0 0<s<t 0
<Aal)l s

By using the fractional calculus techniques, we obtain the following sharp theorem
which is due to Nualart and Rascanu (see [5]).

and

Theorem 2.10 Let 0 < a < 1/2 be fized. Let g € W'=*>=(0,T;R?). Consider the
deterministic differential equation on R™:

x‘i = x‘o / b’L S :Cs dS+ Z/ S '1:8 dgs7 te [O7T] (22)

i = 1,--+,n where xy € R", and the coefficients o™, b" : [0,T] x R* — R are
measurable functions satisfying the following assumptions with p = 1/a, 0 < n,6 <1
and

1 )
O<Oz<a0:min{2,n,1+5}

1. o(t,z) = (6% (t,7))nxa is differentiable in z, and there exist some constants
0<n,0 <1 and for every N > 0 there exists My > 0 such that the following
properties hold:

(lo(t.z) — o(t,y)|| < Mollz —yll, = €R"Vte[0,T]

10,0 (t, @) — Oyo(t, y)| < Mullz —yll* ||l [lyll < N,Vt € [0, 7]

ot z) = o, y)l| + [|10s,0(t, ) — Oy, (t,y)|| < Mollt — s||",Vt, s € 0, T]
(2.3)
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2. There exists by € LP(0,T;R"™), where p > 2, and for every N > 0 there exists
Ly > 0 such that the following properties hold:

16(t, ) = bt y)|| < Lalle —yll, Vil [lyll < N, vt € [0, 7]

(2.4)
1b(, )| < Lollz|| + bo(t), V€ RVt € [0,T]

Then the differential equation (2.2) has a unique solution x € Wy">°(0,T;R™). More-
over, the solution x is (1 — a)-Hélder continuous.

3 Stochastic differential equations driven by frac-
tional Brownian motions

As seen before d-dimensional fractional Brownian motion with Hurst parameter
H € (0,1) is a Gaussian process

B, = (B},...,BY, t >0,

where B!,..., B? are d independent centered Gaussian processes with covariance
function

1
R(t,s) = 5 (s + 27 — |t — s]*).

We have shown that such a process admits a continuous version whose paths are
Holder v continuous, v < H. Therefore it H > % and if the V;’s are smooth Lipschitz
maps R? — R? with Lipschitz derivatives, the stochastic differential equation,

d
dXP = Vo(X7)dt + ) Vi (X])dB

i=1

(3.5)
Xj=x

has a unique solution for every x € R%. Our purpose will be to point out some prop-
erties of the solution. We shall in particular focus on the problem of the existence
of a density with respect to the Lebesgue measure and prove the following theorem.

Theorem 3.1 Assume that Vi(z), -+, Va(z) form a basis of R, then the random
variable X7 has a density with respect to the Lebesque measure for every t > 0.

The correct tool to prove this problem is the so-called Malliavin calculus.
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3.1 Malliavin calculus with respect to fractional Brownian
motion

Let us first state some basic facts about Malliavin calculus with respect to the
fractional Brownian motion. We consider the Wiener space of continuous paths:

W = (C([0, 1], RY), (Br)ozt<1, P)
where:
1. C([0,1],IR?) is the space of continuous functions [0, 1] — R
2. (B1)0 1s the coordinate process defined by y(f) = f (t), f € C([0,1],R%);
3. P is the Wiener measure;
4. (Bi)ost<i is the (P-completed) natural filtration of (8;),<;-

Let € be the space of R%-valued step functions on [0, 1]. We denote by H the closure
of £ for the scalar product:

d
(Lo o)y Loy Lo = ) R(ti, 51),

=1

where R is the covariance function of the fractional Brownian mnotion. For ¢, ¢ € H,
we have

(6, ¥y = H(2H — 1) / / 5=t P2 (p(s), (s)madst

It can be shown that L'/ ([0,1],R?) C H but that H also contains distributions.
A Bj-measurable real valued random variable F is said to be cylindrical if it can be

written as . .
F:f(/ <h;,st>,...,/ <hg,dBS>) ,
0 0

where h* € H and f : R® — R is a C™ bounded function. The set of cylindrical
random variables is denoted S. The Malliavin derivative of F' € S is the R? valued
stochastic process (D F')o<i<1 given by

N0 Of (! L
DtF_iZIh(t)axi (/0 <h;,st>,...,/O (hs,st>>.

More generally, we can introduce iterated derivatives. If F' € S, we set

F:Dtl---Dt F

k



For any p > 1, the operator D* is closable from S into L? (C([0,1],R?), H®F).
We denote by DFP(H) the closure of the class of cylindrical random variables with
respect to the norm

IF,, = (E (F7) +ZE(HD"FH’;@)> :

Jj=1

and

D>(H) = () (D" (H).

p>1k>1

We then have the following key result:

Theorem 3.2 Let F = (FY,...,F,) be a Bi-measurable random vector such that:
1. For everyi=1,...,n, F; € DY*(H);
2. The matriz ' = ((DF' DF7)y),, .., is invertible almost surely.

Then the law of F' has a density with respect to the Lebesque measure on R™. If
moreover F' € D®(H) and, for every p > 1,

1
El—— ) <
(| detT |p) oo
then this density is smooth.

Remark 3.3 The matriz ' is called the Malliavin matrix of the random vector F'.

3.2 Existence of the density

We now turn to the proof of Theorem 3.1.
Let us denote by ® the stochastic flow associated with equation (3.5), that is ®;(z) =
X[. We have:

Lemma 3.4 The map ®, is C' and the first variation process defined by

09,
J = —
0—t ax )

satisfies the following equation:

t d t
Joosy = Idga + / DVo(X2)Jomssds + > / DV;(X*)Jy_,dB..
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Lemma 3.5 For everyi=1,....d, t >0, and x € R?, X' € D*(H), and
DIX® = T, il Vi(X,), j=1,....d 0<s<t,

where DIXT" is the j-th component of D X",

Therefore,
1 1 T
F1 = J0%1/‘ / JEiUV(XZCO)V(XfO)T(JJiU) ‘ u—=v ’2H_2 dUdv‘]g—)b
0 0

where V' denotes the d x d matrix (V;...Vy).
Since Jg_.1 is almost surely invertible it is enough to check that with probability
one, the matrix

1 1
Ci= [ [ vV (062, Tu - o P duds
0 JO

is invertible. Let us now observe that for z € R?
d 1 pl
@.Cua) = 30 [ = P (52, o) o, (352,5) )
j=1

Therefore, if x is in the kernel of C, we have
(@, (Jo5uV)) (@0)) = 0
for u € [0,1]. In particular, for v = 0 we obtain
<$, VJ ($0)>

and thus z = 0.

4 Exercises

1. We assume H > 1/2.
(a) For s < t, compute the double integral [} [ |u — v|*" ~2dudu.

(b) Deduce that the function

R(s,t) = = (" + s — |t — s")

N | —

is symmetric and positive.
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. Show that there is no fractional Brownian motion with Hurst parameter H > 1.
. Are the increments of fractional Brownian motion independent if H # %

. Let (X;)i>0 be a continuous Gaussian process with stationary increments such
that for every ¢ > 0, the two processes (X )i>0 and (c? X;);>0 have the same
distribution. Show that there is a constant o, such that X; = oB;, where
(Bt)i>0 is a fractional Brownian motion with parameter H.

. Show that if a function f : [0,7] — R is y-Ho6lder continuous with a parameter
~v > 1, then the function f is a constant function.

. Let (Bi)i>0 be a fractional Brownian motion with parameter H. Show that
for every T'> 0 and 0 < ¢ <T', there is a positive random variable 7. such
that B(7p.) < oo, p > 1 and such that for every s,t € [0, T],

1B, — By| < merlt —s|7°,  as.

Hint: You may use, without proof, the so-called Garsia-Rademich-Rumsey
inequality: Let p > 1 and o > p~!. Then there exists a constant C,, > 0 such
that for any continuous function f on [0,77], and for all ¢, s € [0,7] one has:

|f() ( )l <Cap|t_3|ap 1/ / |:E— |°‘p+2|pd dy.

. Let f € CP([0,T]) and g € C?([0,7T]) with 8+ v > 1. Show that for every
subdivision 7 of [0, 7], whose mesh tends to 0, the Riemann sums

S () (68 — 9(22)

converge when n — 0o to fOT fdg.

. Let (Bt)i>0 be a fractional Brownian motion with parameter H > 1/2. By
using Riemann sums, show that

t 1
/ B,dB, = - B?
2
0

. Let f: R — R be a twice continuously differentiable function and let z : R —
R be a v-Hoélder path with v > 1/2. Show that

fx(t)) = f(x(0)) + /Ot f'(w(s))dz(s).
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10. Show that the space C*([0,7]) endowed with the norm

1l = [l + sup SO =FGN

o<s<t<r |t —s|*
is a Banach space.
11. Give a complete proof of Proposition 2.4.

12. Solve the following stochastic differential equations driven by a fractional
Brownian motion (B;);>o with parameter H > 1/2.

(a) dX; = aXidt + dBy;, Xo = xo;
(b) dXt = OéXtdt + [LXtdBt, X() = Xo;
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