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CHAPTER 1

An overview of rough paths theory

Let us consider a differential equation that writes

W) =0+ [ Vitw(s)as'()

where the V;’s are vector fields on R™ and where the driving signal z(t) = (z'(t),--- ,24(t))
is a continuous bounded variation path. If the vector fields are Lipschitz continuous then,
for any fixed initial condition, there is a unique solution y(t) to the equation. We can
see this solution y as a function of the driving signal x. It is an important question to
understand for which topology, this function is continuous.

A simple example shows that the topology of uniform convergence is not the correct
one here. Indeed, let us consider the differential equation

i (t) = a1(t)
ya(t) = wa(?)

w0 == [ nin(s)+ [ ns)irats

where
1 1
x1(t) = —cos(n?t), w4(t) = — sin(n?t).
n n

A straightforward computation shows that y3(t) = t. When n — oo, (x,z2) converges
uniformly to 0 whereas, of course, (y1,¥2,y3) does not converge to 0. In this framework ,
a correct topology is given by the topology of convergence in 1-variation on compact sets.
To fix the ideas, let us work on the interval [0,1]. The distance in 1-variation between
two continuous bounded variation paths z, 7 : [0,1] — R¢ is given by

01(x, %) = [l2(0) — Z(0)[| + sup i (e (tir) = E(tign)) = (2(t:) = 2()) |,

where the supremum is taken over all the subdivisions
T={0<t; <.--<t, <1}

It is then a fact that is going to be proved in this class that if the V;’s are bounded and
if 2 : [0,1] — R? is a sequence of bounded variation paths that converges in 1-variation
to a continuous path x with bounded variation, then the solutions of the differential

5



6 1. AN OVERVIEW OF ROUGH PATHS THEORY

equations

—y0+2/ 5))dz"™"(s),

converge in 1-variation to the solution of

tbm+ZA%MwM@

This type of continuity result suggests to use a topology in p-variation, p > 1, to try to
extend the map = — y to a larger class of driving signals . More precisely, for p > 1, let
us denote by QP(R?) the closure of the set of continuous with bounded variation paths
x : [0,1] — R? with respect to the distance in p-variation which is given by

1/p
5p(x,f?r)=<||fv(0) \|”+8ng|| tis1) — T(tip1)) — (w(tz-)—i“(ti))ll”) :

We will then prove the following result:

Proposition 0.1. Let p > 2. If 2" : [0,1] — R? is a sequence of bounded variation paths
that converges in p-variation to a path x € QP(R?), then the solutions of the differential

equations
—m+§:/ )™ (s),

converge in p-variation to some y € QP(R?). Moreover y is the solution of the differential

equation
0=+ [ V)i (s),

where the integrals are understood in the sense of Young’s integration.

The value p = 2 is really a treshold: The result is simply wrong for p = 2. The
main idea of the rough paths theory is to introduce a much stronger topology than the
convergence in p-variation. This topology, that we now explain, is related to the continuity
of lifts of paths in free nilpotent Lie groups.

Let Gy (R?) be the free N-step nilpotent Lie group with d generators X, --- , X4. If
x:[0,1] = R? is continuous with bounded variation, the solution z* of the equation

=24&wwwm

is called the lift of z in Gy(R?). For p > 1, let us denote Gy (R?) the closure of the
set of lifted paths x* : [0, 1] — Gx(R?) with respect to the distance in p-variation which
is given by

1
n—1 P
— * * —1\?
5111\7('%» » Y ) = Sup (Z dN (ytz (xtz) 17 yti_t,_l ('Z‘tH_l) 1) ) )

” i=1



1. AN OVERVIEW OF ROUGH PATHS THEORY 7

where dy denotes the Carnot-Carathéodory distance on the group Gy (R?). This is a
distance that will be explained in details later. Its main property is that it is homogeneous
with respect to the natural dilation of Gy (RRY).

Consider now the map Z which associates with a continuous with bounded variation
path z : [0,1] — R? the continuous path with bounded variation y : [0,1] — R? that
solves the ordinary differential equation

o) =0+ [ Vitw(e)ae'(s)

It is clear that there exists a unique map Z* from the set of continuous with bounded
variation lifted paths [0, 1] — Gy (R?) onto the set of continuous with bounded variation
lifted paths [0, 1] — Gx(R™) which makes the following diagram commutative

I*
rr — Yy
T T
r — vy
T

The fundamental theorem of Lyons is the following:

Theorem 0.2. If N > [p]|, then in the topology of 5;)V—variation, there exists a continuous
extension of I* from QPGy(RY) into PGy (R™).

In particular, we can now give a sense to differential equations driven by some con-
tinuous paths with finite p-variation, for any p > 1. Indeed, let x : [0,1] — R which is
continuous with a fnite p-variation and assume that there exists 2* € QPG (RY) whose
projection onto R? is z. The projection onto R? of Z*(2*) is then understood as being a
solution of

o) =0+ [ Vitw(e)as'(s)

An important example of application is given by the case where the driving signal is a
Brownian motion (B(t)):>o. Brownian motion has a p-finite variation for any p > 2 and,
as we will see, admits a canonical lift in QPGy(R?). As a conclusion, we can consider in
the rough paths sense, solutions to the equation

W) =m0+ 3 [ Vilo)dB(s),

It turns out that this notion of solution is exactly equivalent to solutions that are ob-
tained by using the Stratonovitch integration theory. Therefore, the theory of stochastic
differential equations appears as a very special case of the rough paths theory.






CHAPTER 2

Ordinary differential equations

1. Continuous paths with bounded variation

The first few lectures are essentially reminders of undegraduate real analysis materials.
We will cover some aspects of the theory of differential equations driven by continuous
paths with bounded variation. The point is to fix some notations that will be used
throughout the course and to stress the importance of the topology of convergence in
1-variation if we are interested in stability results for solutions with respect to the driving
signal.

If s <t, we will denote by Als, t], the set of subdivisions of the interval [s, t], that is
IT € Ars,t] can be written

D={s=tg<ty < - <t,=1}.

Definition 1.1. A continuous path x : [s,t] — R is said to have a bounded variation on
[s,t], if the I-variation of x on [s,t|, which is defined as

n—1

|2l —varsge) == sup D> [l (i) — x (),
neAlst) =g

is finite. The space of continuous bounded variation paths x : [s,t] — R?, will be denoted
by G~ ([s, 1], RY).

|| - |l1—varys,q is not a norm, because constant functions have a zero 1-variation, but it
is oviously a semi-norm. If x is continuously differentiable on [s, t], it is easily seen that

t
1l v o = / o (s)\lds.

Proposition 1.2. Let x € C'7"" ([0, T],R%). The function (s,t) = ||z |1—var, s s addi-
tive, i.e for 0 < s <t <u<T,

||x||1—va7’,[s,t} + ||I|ll—va7‘,[t,u] = ”le—var,[s,u]?
and controls x in the sense that for 0 < s <t < T,
[z(s) =z < [|z]l1—var,(s4-
The function s = ||2||1—var 0,5 5 MoTeOVET continuous and non decreasing.

9



10 2. ORDINARY DIFFERENTIAL EQUATIONS

Proor. If II; € Als,t] and IIy € Alt, u|, then IT; UTl; € Als,u]. As a consequence,
we obtain

n—1 n—1 n—1
sup Y [la(the) —z(t) |+ sup Y lla(ten) —x(t)] £ sup Y a(tesn) =],
IT; €Als,t] k—0 T eAlt,u] k=0 ITeA[s,u] 0

thus
2/l —var s + 1Z1-var, it < 12 ]l1—var,jsu)-
Let now I € A[s, u]:
D={s=tg<ty < - <t,=1}.
Let k = max{j,t; < t}. By the triangle inequality, we have

—

n—

[ (tj1) —x(t;)] < Z (1) — ()] + Z [ (tj41) = 2(5)]]

<.
Il
o

< HxHI—var,[s,t] + HxHI—var,[t,u}-
Taking the sup of II € Als, u| gives

||x||1—var,[s,t] + ||x||1—var,[t,u] Z ||x”1—var,[s,u}a

which completes the proof. The proof of the continuity and monoticity of s — || ||1—var,[0,s]
is let to the reader. ]

This control of the path by the 1-variation norm is an illustration of the notion of
controlled path which is very useful in rough paths theory.

Definition 1.3. A map w: {0 < s <t < T} — [0,00) is called superadditive if for all
s<t<u,

w(s,t) +w(t,u) <w(s,u).
If, in adition, w is continuous and w(t,t) = 0, we call w a control. We say that a path
x:[0,T] = R is controlled by a control w, if there exists a constant C > 0, such that for
every 0 < s <t <T,

Jz(t) — z(s)|| < Cw(s,1).

Obviously, Lipschitz functions have a bounded variation. The converse is of course
not true: ¢+ — /¢ has a bounded variation on [0, 1] but is not Lipschitz. However, any
continuous path with bounded variation is the reparametrization of a Lipschitz path in
the following sense.

Proposition 1.4. Let x € C*=v([0,T],R%). There exist a Lipschitz function y : [0,1] —
R?, and a continuous and non-decreasing function ¢ : [0,T] — [0,1] such that x =y o ¢.

PRrROOF. We assume ||2[/1_yar 0,77 7 0 and consider

||=’L‘||1—va7"7 0,t
B(t) =

B ||$H 1—var,[0,T] .



1. CONTINUOUS PATHS WITH BOUNDED VARIATION 11
It is continuous and non decreasing. There exists a function y such that x = yo ¢ because
o(t1) = ¢(t2) implies x(t1) = x(t2). We have then, for s <,
1y(o(t) — y(d() = llz(t) — 2(s)| < l2lli-var sy = [[2]l1-var o,y (D(E) — &(s)).
O

The next result shows that the set of continuous paths with bounded variation is a
Banach space.

Theorem 1.5. The space C*~* ([0, T|,R?%) endowed with the norm ||z(0) ||+ ||z||1—var,0,1]
1s a Banach space.

PROOF. Let 2" € C'7 ([0, T],R%) be a Cauchy sequence. It is clear that
[ = 2" loo < [2"(0) = 2™ (O)[] + 2" = 2™ [[1—var[o.17-

Thus, 2™ converges uniformly to a continuous path z : [0,7] — R. We need to prove that
x has a bounded variation. Let

H={0=ty <ty <---<t, =T}
be a a subdivision of [0,7]. There is m > 0, such that ||z — 2™, < 5=, thus

2n7

3
—

n—1 n—1
| (tre1) — ()| Z [ (ths1) — 2™ (tr) |+Z 2™ () — 2 ()|l + [|2™[[1—var,0,1)
k= k=0

B
Il

0
1+ upr ||1 var,[0,T]-

Thus, we have
||x||1—var,[0,T] S 1+ sup ||In||1—var,[0,T] < 00.
n

g

For approximations purposes, it is important to observe that the set of smooth paths is
not dense in C1~*" ([0, T, R?) for the 1-variation convergence topology. The closure of the
set of smooth paths in the 1-variation norm, which shall be denoted by C%!=* ([0, T], R%)
is the set of absolutely continuous paths.

Proposition 1.6. Let z € C'=**([0,T],R?). Then, x € C*1=([0,T|,R%) if and only
if there exists y € L'([0,T]) such that,

for some y € L'([0,T]). Since smooth paths are dense in L'([0, T]), we can find a sequence
y™ in L'([0,T]) such that ||y — y™||; — 0. Define then,
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We have

|2 = 2"[|1-varjo,r) = Iy — ¥"[1-
This implies that x € C%7vr ([0, T],RY). Conversely, if z € C%'=v([0,T],R?), there
exists a sequence of smooth paths z™ that converges in the 1-variation topology to x.
Each z™ can be written as,

We still have
2™ = 2™{[i—var o) = [y — ¥"[l1,
so that 3™ converges to some y in L'. It is then clear that

U

Exercise 1.7. Let x € C'*7*@([0,T],R%). Show that z is the limit in I-variation of
piecewise linear interpolations if and only if x € C%1=vo([0,T], RY).

2. Riemann-Stieltjes integrals and Gronwall’s lemma

Let y : [0,T] — R4 be a piecewise continuous path and z €€ C*=v"([0,T],R%). It
is well-known that we can integrate y against x by using the Riemann-Stieltjes integral
which is a natural extension of the Riemann integral. The idea is to use the Riemann

suIns
-1

3

Y(te) (@ (thr1) — o(tr)),
k=0
where II = {0 =ty < t; < --- <t, =T}. It is easy to prove that, when the mesh of the
subdivision II goes to 0, the Riemann sums converge to a limit which is independent from

the sequence of subdivisions that was chosen. The limit is then denoted fo (t)dx(t) and
called the Riemann-Stieltjes integral of y against x. Since x has a bounded variation, it
is easy to see that, more generally,

Zy &) (@ (trr1) — x(tr)),
with ¢, < & < tp1 would also converge to fo (t)dx(t). If

z(t) = x(0) —i—/o g(s)ds

is an absolutely continuous path, then it is not difficult to prove that we have

/0 y(t)dz(t) = / y(t)g(t)dt,

where the integral on the right hand side is understood in Riemann’s sense.
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We have

n—1

Zy(tk)( (tht1) — x(t))

k=0

< ZH@/ )N (@ (thga) — ()

< Z Ny ()l (2 (ther) — 2(tr))||

< Z [y @)l —var. o]

Thus, by taking the limit when the mesh of the subdivision goes to 0, we obtain the
estimate

T T
/ y<t>dm<t>H S Oy e —

where fo lly(®)||||dz(t)|| is the notation for the Riemann-Stieltjes integral of ||y|| against
the bounded variation path [(t) = ||z|li—varo,- We can also estimate the Riemann-
Stieltjes integral in the 1-variation distance. We collect the following estimate for later
use

Proposition 2.1. Let y,y' : [0,T] — R®*? be a piecewise continuous path and x,2' €
Ct=var([0,T],RY). We have

] [ i - [ o

The Riemann-Stieltjes satisfies the usual rules of calculus, for instance the integration
by parts formula takes the following form

Proposition 2.2. Let y € C'7* ([0, T],R°*?) and x € C*=*" ([0, T], R?).

T T
| wodso + [ dytera® = o)) - 50} (0)
0 0
We also have the following change of variable formula:

Proposition 2.3. Let x € C'7([0,T],R?) and let ® : R? — R be a C* map. We have

O(z(T)) = P(x(0)) +/O O (z(t))dx(t).

PRrooOF. From the mean value theorem

< Hle—var,[O,T}Hy_y,"oo,[O,T}+"y/"oo,[O,T]Hx_xll‘l—var,[O,T]-
1—var,[0,T]

n—1
O(x(T)) — B(x(0)) = Y _((a(tpn)) — @ Z (g, ) (2 (tet1) — 2(tr)),
k=0
with £, < & < tgy1. The result is then obtained by taklng the limit when the mesh of
the subdivision goes to 0. U

We finally state a classical analysis lemma, Gronwall’s lemma, which provides a won-
derful tool to estimate solutions of differential equations.
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Proposition 2.4. Let x € C'7([0,T],R?) and let ® : [0,T] — [0,00) be a bounded
measurable function. If,

t
d(t) < A+ B/ O(s)[|dx(s)]|, 0<t<T,
0
for some A, B > 0, then
O(t) < Aexp(Bl|z|1-varjog) 0t <T.
PROOF. Iterating the inequality
t
() < A+ B/ B (s)|dz(s)|
0

N times, we get

o) <4+ > a5 [ [T [T ) fase)] + R0

where R, () is a remainder term that goes to 0 when n — oco. Observing that

t t1 tre—1 HxH]lC—var 0.t
/ / / Izt - (e = ——2ewd
o Jo 0 '

and sending n to oo finishes the proof. U

3. Differential equations driven by bounded variation paths

We now turn to the basic existence and uniqueness results concerning differential
equations driven by bounded variation paths.

Theorem 3.1. Let x € C*=* ([0, T],RY) and let V : RY — R® be a Lipschitz continuous
map, that is there exists a constant K > 0 such that for every x,y € RY,

IV (z) = V)l < Kllz -yl

For every yy € R®, there is a unique solution to the differential equation:
¢
vy =w+ [ Vsl 0<r<T
0

Moreover y € C*=v7([0, T], R¢).

PRrOOF. The proof is a classical application of the fixed point theorem. Let 0 < 7 < T
and consider the map ® going from the space of continuous functions [0, 7] — R® into
itself, which is defined by

t
D(y): = o +/ Viy(s))de(s), 0<t<T.
0
By using estimates on Riemann-Stieltjes integrals, we deduce that

12(y') — () loojorr] < IV (') = VW)lloosio,mll ] 1—varor
< KHyl - y2||<>o,[0,7'] HxHI—U(I’I’,[O,T]
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If 7 is small enough, then K||x|/1_yar 0, < 1, which means that ® is a contraction that
admits a unique fixed point y. This y is the unique solution to the differential equation:

t
vt) =w+ [ Vi), 0<t<r
0
By considering then a subdivision
{r=n<n<---<7,=T}

such that K||z||1—var[r.,r,,] < 1, We obtain a unique solution to the differential equation:

Tk

o0 =0+ [ Vils)ists). 0<t<T
]

The solution of a differential equation is a continuous function of the initial condition,
more precisely we have the following estimate:

Proposition 3.2. Let z € C'7* ([0, T],RY) and let V : R? — R® be a Lipschitz continu-
ous map such that for every x,y € RY,

IV (x) =Vl < Kllz —yl|
If y* and y? are the solutions of the differential equations:

V0 =00+ [ Vo), vsisT
and Ot
P =0+ [ VEAE)dsls), 0<t<T,
then the following estimate holds: ’
1" = ¥ llc oy < Iy (0) = y*(0) | exp (K| 2]l —varo.1) -
PrROOF. We have

t
1 — Pl < I151(0) — 20| + K / 1" — 2l 1 (3)]]
0
and conclude by Gronwall’s lemma. U

This continuity can be understood in terms of flows. Let x € C1=v% ([0, T],R¢) and
let V : RY — R® be a Lipschitz map. Denote by 7(t,v0), 0 <t < T, yo € R, the unique
solution of the equation

o0 =+ | Viy(s)da(s), 0<t<T

The previous proposition shows that for a fixed 0 < ¢ < T, the map yo — 7(t,y0) is
Lipschitz continuous. The set {7(¢,-),0 < ¢t < T} is called the flow of the equation.
Under more regularity assumptions on V, the yo — m(t,90) is even C! and the Jacobian
map solves a linear equation.
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Proposition 3.3. Let x € C'*([0,T],R?) and let V : R? — R® be a C* Lipschitz

continuous map. Let m(t,yy) be the flow of the equation

o=+ | Viy(s)da(s), 0<t<T.

Then for every 0 < t < T, the map yo — 7(t,yo) is C* and the Jacobian J; = on(tyo) g

Oyo
the unique solution of the matrix linear equation

Jy=1Id+ /Ot DV (7 (s,y0))Jsdx(s).

We finally turn to the important estimate showing that solutions of differential equa-
tions are continuous with respect to the driving path in the 1-variation topology

Theorem 3.4. Let 2!, 22 € C'7v([0,T],R?) and let V : R? — R® be a Lipschitz and
bounded continuous map such that for every x,y € RY,

IV(z) = V(y)ll < Kllz - yl|

If y* and y* are the solutions of the differential equations:

s0 =0+ [ VM) (s), 0<t<T,

and

then the following estimate holds:
”yl - y2H1—var,[0,T] S HVHOO (1 + KHle—wlr,[O,T] exXp (KHx”l—Ua/r,[O,T])) ||IE1 - x2||1—va'r,[0,T]-

ProoOF. We first give an estimate in the supremum topology. It is easily seen that
the assumptions imply

t
19" = 4 lloo 0.y < K/ 1y" =y llooo.sllda ()| + 1V ]ooll2" = 22[|1—var, o7
0
From Gronwall’s lemma, we deduce that
||y1 - y2||oo,[0,T] S ||V||oo €exp (KHle—var,[O,T]) ||IL‘1 - x2||1—var,[0,T]-
Now, we also have for any 0 < s <t < T,
' () =y (8) = (y" () = (DI < Kly" =y lloo o112 1 —var 5.0 + 1V ool = 22 [[1var 5.4
This implies,
Hyl - y2H1—var,[0,T} < KHyl - yQHOO,[O,T]”Ilul—van[&T] + HVHOOH‘T1 - x2H1—var,[0,T]

and yields the conclusion. O
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4. Exponential of vector fields and solutions of differential equations

Let x € C17v"([0,T],R%) and let V : R® — R**? be a Lipschitz continuous map. In
order to analyse the solution of the differential equation,

y@=m+Avme@,

and make the geometry enter into the scene, it is convenient to see V' as a collection of
vector fields V' = (Vi,---,Vy), where the V;’s are the columns of the matrix V. The
differential equation then of course writes

o) =0+ [ Vitw(s)de'()

Generally speaking, a vector field V' on R® is a map
V: R — R°
r = (01(2), o val2)).

A vector field V' can be seen as a differential operator acting on differentiable functions
f :R® — R as follows:

Vf@)=<V@LVf@»==§:m@ﬁ§£-

i=1
We note that V' is a derivation, that is for f, g € C*(R® R),
V(fg)=VFg+fVyg).

For this reason we often use the differential notation for vector fields and write:

Using this action of vector fields on functions, the change of variable formula for solutions
of differential equations takes a particularly concise form:

Proposition 4.1. Let y be a solution of a differential equation that writes
d t
vty =+ Y [ Vil (s),
i=1 Y0
then for any C* function f:R® — R,
d t
F0(e) = Foo) + 3 [ Virtu(s)ds'(s),
i=1 Y0

Let V' be a Lipschitz vector field on R¢. For any y, € R®, the differential equation

mw—%+éW@@mS
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has a unique solution y : R — R®. By time homogeneity of the equation, the flow of this
equation satisfies

7T<t1’ W(t% yO)) = 7T(t1 + 1o, yO)'
and therefore {m(¢,-),t € R} is a one parameter group of diffecomorphisms R® — R¢. This
group is generated by V in the sense that for every y, € R",

i T %0) = Yo _ Vo).

t—0

For these reasons, we write (¢, y0) = e (yo).

Let us now assume that V is a C! Lipschitz vector field on R®. If ¢ : R® — R® is a
diffeomorphism, the pull-back ¢*V of the vector field V' by the map ¢ is the vector field
defined by the chain rule,

¢V (x) = (do )o@ (V(¢(2), x € O

In particular, if V' is another C' Lipschitz vector field on R¢, then for every ¢ € R, we
have a vector field (e!V)*V’. The Lie bracket [V, V'] between V and V' is then defined as

Vv = (i) CASRYa

It is computed that

V.V Z%ﬁ)uém ““@Z@>£;

1=1 J=1

Observe that the Lie bracket obviously satisfies [V, V'] = —[V’, V] and the so-called Jacobi
identity that is:

V.V, VI + VS IVE VI + [V [V VI =0.
What the Lie bracket [V, V'] really quantifies is the lack of commutativity of the respective
flows generated by V and V.

Lemma 4.2. Let V.V’ be two C' Lipschitz vector fields on R¢. Then, [V,V'] = 0 if and
only if for every s,t € R,
esVetV’ _ esV-l—tV’ _ GtVIGSV.

Proor. This is a classical result in differential geometry, so we only give one part the
proof. From the very definition of the Lie bracket and the multiplicativity of the flow,
we see that [V, V'] = 0 if and only if for every s € R, (¢*V)*V’ = V’. Now, suppose that
[V,V’] =0. Let y be the solution of the equation

mwsz{vw@m&

Since (e*V)*V’ = V', we obtain that eV (y(t)) is also a solution of the equation. By
uniqueness of solutions, we obtain that

eV (y(t) = e (e (o).
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As a conclusion,

! !
es\/etV — etV es\/.

If we consider a differential equation

d ¢ A
v =0+ [ Vitw(s)as'()

as we will see it throughout this class, the Lie brackets [V;, V;] play an important role in

understanding the geometry of the set of solutions. The easiest result in that direction is
the following:

Theorem 4.3. Let x € C17([0,T],RY) and let Vi, -+, Vy be C Lipschitz vector fields
on Re. Assume that for every 1 <i,j <d, [V;,V;] =0, then the solution of the differential
equation

Wﬁ%+ZAWWWﬂ$OSKﬂ

can be represented as

PROOF. Let

F(xy,-+- ,z,) =exp <Z a:ﬂ@) (yo)-

Since the flows generated by the V;’s are commuting, we get that
oF
(9362-

(x) = Vi(F ().

The change of variable formula for bounded variation paths implies then that F'(z!(t), - -, 2™(t))

is a solution and we conclude by uniqueness. Il






CHAPTER 3

Young’s integrals

1. p-variation paths

Our next goal in this course is to define an integral that can be used to integrate
rougher paths than bounded variation. As we are going to see, Young’s integration theory
allows to define [ ydz as soon as y has finite g-variation and z and has a finite p-variation
with 1/p + 1/q¢ > 1. This integral is simply is a limit of Riemann sums as for the
Riemann-Stiletjes integral. In this lecture we present some basic properties of the space
of continuous paths with a finite p-variation. We present these results for R? valued paths
but most of the results extend without difficulties to paths valued in metric spaces (see
chapter 5 in the book by Friz-Victoir).

Definition 1.1. A path x : [s,t] — R? is said to be of finite p-variation, p > 0 the
p-variation of x on [s,t], which is defined as

n—1 1/p
|2lp—vargs) == | sup > lle(teer) — 27 ]
IIeA[s,t] F—0

is finite. The space of continuous paths x : [s,t] — R% with a finite p-variation will be

denoted by CP~v([s, ], R%).
The notion of p-variation is only interesting when p > 1.

Proposition 1.2. Let x : [s,t] — R be a continuous path of finite p-variation with p < 1.
Then, x is constant.

PROOF. We have for s < u <'t,

lo(u) = 2(s) ]| < (max ||z (tisr) — 2 (b)) <Z|lw thi1) — @ tk)ll”)

< (max ||z(try1) — z ()| p)”pr var;[s,t]’

Since z is continuous, it is also uniformly continuous on [s,t]. By taking a sequence of
subdivisions whose mesh tends to 0, we deduce then that

l(u) = z(s)[| = 0,

so that x is constant. O

The following proposition is immediate:

21
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Proposition 1.3. Let x : [s,t] — R?, be a continuous path. If p < p' then

H:C”p’—var;[s,t] S Hpr—var;[s,t}'
As a consequence

CcPver([s, 1], RY) C Cp/*”‘”([s, t],R%
We remind that a continuous map w : {0 < s <t < T} — [0,00) that vanishes on the

diagonal is called a control f if for all s <1t < u,

w(s,t) +w(t,u) < w(s,u).
Proposition 1.4. Let x € CP~**([0,T],R?). Then w(s,t) = |z|?
such that for every s <'t,

p—var[s.] 18 a control

lz(s) — a(t)]| < w(s, )"/,
PRrRoOOF. It is immediate that
lz(s) — x(t)|| < w(s, )7,

so we focus on the proof that w is a control. If II; € Als,t] and Iy € A[t,u], then
I, UII, € A[s u]. As a consequence, we obtain

n—1 n—1
sup Z () —a(@)]P+ sup > lla(te)—@)lP < sup Y [la(ti)—a(t)]”,
MeAlst] 1 — 0 Ha€Aftu] 3= 0 HeAlsu] .= 0
thus
||x||p var,[s,t] + ||x||p var,[t,u] — || ||p var,[s,u]”
The proof of the continuity is left to the reader (see also Proposition 5.8 in the book by
Friz-Victoir). O

In the following sense, ||z|? is the minimal control of a path x.

p—var;[s,t]

Proposition 1.5. Let x € CP7* ([0, T],R%) and let w : {0 < s <t < T} — [0,00) be a
control such that for 0 < s <t < T,

l2(s) = 2()]| < Cuw(s, )7,

then
||pr—var;[s,t} < CW(S, t)

Proor. We have

n—1 1/p
[ pha——" =( sup Z||37(tk+1)_x<tk)”p>

IIeA[s,t] 5—0

n—1 1/p
< ( sup Zcpw(tk;tk—i—l))

ITeAls,t] =0
< Cw(s,t).
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The next result shows that the set of continuous paths with bounded p-variation is a
Banach space.

Theorem 1.6. Let p > 1. The space CP~" ([0, T],R?) endowed with the norm ||z(0)| +
|z || p—var,jo,1) i @ Banach space.

PROOF. The proof is identical to the case p = 1, so we let the careful reader check
the details. U

Again, the set of smooth paths is not dense in CP~*"([0,T],R¢) for the p-variation
convergence topology. The closure of the set of smooth paths in the p-variation norm
shall be denoted by C%P~vo" ([0, T],RY). We have the following characterization of paths
in COP~ver([0, T], RY).

Proposition 1.7. Let p > 1. x € CoP~v ([0, T],R%) if and only if

n—1
lim sup T(terr) — x(ti)]|? = 0.
o 3 la(aen) — ()]

PROOF. See Theorem 5.31 in the book by Friz-Victoir. O
The following corollary shall often be used in the sequel:
Corollary 1.8. If 1 < p < q, then CP~**"([0,T],R%) c C%4=vor ([0, T],R%).

PROOF. Let IT € A[s, t] whose mesh is less than § > 0. We have

S alten) — 2t < (Z le(tir) — x(twnp) max [t ) — a(t) [P

k=0 k=0
< [l[f;

p—var;[s,t] max ||:E(tk:+l) - x<tk) ||p—q.
As a consequence, we obtain
n—1

lim sup T(tgyr) — x(tp)||? = 0.
MOH@[SMHK(S;H (tk1) — @ (tn) |

2. Young’s integrals

In this lecture we define the Young’s integral [ ydz when z € CP~*"([0,T],R?) and
y € C([0,T], Re*?) with % + % > 1. The cornerstone is the following Young-Léeve
estimate.

Theorem 2.1. Let x € C**([0,T],R?) and y € C'=*([0,T],R**¢). Consider now
p,q > 1 with 0 = % + é > 1. The following estimate holds: for 0 < s <t <T,

/ y(u)da(u) — y(s)(x(t) — 2(s))

1
< m||x||p—var;[s,t]||y||q—va7";[s,t]‘
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PROOF. For 0 < s <t <T, let us define

Lo = [ vladde) — y(s)(alt) - 2(5).
We have for s <t < u,
Dow—=Tst = Tiw = —y(s)(x(u) — 2(s) + y(s)(x(t) — 2(s)) + y(t)(x(u) — x(t))

As a consequence, we get

Hrs,UH < HFstH + ||Ft,UH + Hpr—var;[Eu]Hqu—var;[s,t}'

Let now w(s,t) = HxH;/_QW st]HyH;/amr s We claim that w is a control. The continuity

and the vanishing on the diagonal are obvious to check, so we just need to justify the
superadditivity. Let s <t < u, we have from Hoélder’s inequality,

1/6 1/6

1/6 1/6
p—var;[st] ||y||q—va7"[8 t]

w(s7t) +w(t7u> = ||IH + ||x”p var; [tu]”qu var;[t,ul

1

(Hpr var; st] + ”pr var; [tu) (Hqu var; st] + “qu var; [tu}) a0
1/0 1/0

< :

p—var;| su]Hqu var;[s,u] W(S,'LL).
We have then
ITsull < ITsll + ITell + w(s, w)”.

For € > 0, consider then the control

we(s,t) = w(s,t) + E(Hx“l—var;[&t} + ||y||1—var;[svt})

Define now
U(r) = sup [[Full-
$,u,we (8,u)<r
If s,u is such that we(s,u) < r, we can find a ¢ such that w.(s,t) < sw.(s,u), w.(t,u)
ws( s,u). Indeed, the continuity of w. forces the existence of a t such that w.(s,t)
we(t,u). We obtain therefore

A

ITsull < 2W(r/2) 4 r
which implies by maximization,
U(r) < 20(r/2) +r’

By iterating n times this inequality, we obtain

xp()<2w( ) Zz’“ )

n 1 0
<2 \I/<2n>—|——1_21_67"
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It is now clear that
t
|wwusy/@mo—MQmaw

< [zlli—varss gy — y($)loosfs.z
S (Hx”l—var;[s,t} + ||yH1—var;[s,t})2

1
S 5—2(,05(5, t)27

so that .
Jm 2% () =0
We conclude .
v < g
and thus )
[Tsull < m%(&u)e-
Sending € — 0, finishes the proof. Il

It is remarkable that the Young-Léeve estimate only involves ||z ||p—var;[s,] a0d |||l g—vari[s,q-
As a consequence, we obtain the following result whose proof is let to the reader:

Proposition 2.2. Let x € CP~ ([0, T],R%) and y € CT7([0,T], R®*%) with 6 = %+
é > 1. Let us assume that there exists a sequence x™ € C'=([0,T],R?) such that
" — x in CP7U ([0, T],R?) and a sequence y™ € C*=" ([0, T],R*?) such that y* — x
in C17v([0,T),R?), then for every s < t, fst y"(u)dx™(u) converges to a limit that we
call the Young’s integral of y against x on the interval [s,t] and denote f;y(u)d:r(u).

The integral fsty(u)dx(u) does not depend of the sequences x™ and y™ and the following
estimate holds: for 0 < s <t<T,

t
| [ sttt = uo)att) = ()
The closure of C1=v([0,T],R%) in CP~v*"([0,T],R?) is COP~ver(]0, T],R?) and we
know that CP*te=var([0,T],RY) c C%~var([0,T],RY). It is therefore obvious to extend

the Young’s integral for every x € CP~%([0,T],R?) and y € C47vo([0,T], R**?) with
0 = }D + % > 1 and the Young-Loeve estimate still holds

‘ /:?J(u)da:(u) —y(s)(2(t) — 2(s))

From this estimate, we easily see that for z € CP=*" ([0, T], R?) and y € CP~**" ([0, T], R®*<)
with % + % > 1 the sequence of Riemann sums

1
S m ||l‘ ||p—va7";[s,t] ||y ||q—var;[s,t] .

1
< m“ﬂpwar;[s,t] 19llg—varss.a-

—_

3

y(ti) (e, — ;)
0

b
Il
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will converge to fst y(u)dxz(u) when the mesh of the subdivision goes to 0. We record for
later use the following estimate on the Young’s integral, which is also an easy consequence
of the Young-Léeve estimate (see Theorem 6.8 in the book for further details).

Proposition 2.3. Let x € CP~** ([0, T],R%) and y € €4~ ([0, T|, R**) with }—17 —i—% > 1.

The integral path t — f(f y(u)dx(u) is continuous with a finite p-variation and we have

| st

0

< Ol @|lp-varits) (1Yllg—varsisg + 19 llscsisty)

p—var,[sﬂ

< QCHpr—var;[s,t] (Hqu—var;[s,t] + ||y(0)||)

3. Young’s differential equations

In the previous lecture we defined the Young’s integral [ ydxz when x € CP~"" ([0, T], R%)
and y € C7 ([0, T], R**?) with %+% > 1. The integral path fot ydz has then a bounded
p-variation. Now, if V : R® — R%? is a Lipschitz map, then the integral, [V (z)dz is
only defined when % + Il) > 1, that is for p < 2. With this in mind, it is apparent that
Young’s integration should be useful to solve differential equations driven by continuous
paths with bounded p-variation for p < 2. If p > 2, then the Young’s integral is of no
help and the rough paths theory later explained is the correct one.

The basic existence and uniqueness result is the following. Throughout this lecture,
we assume that p < 2.

Theorem 3.1. Let z € CP~v ([0, T],RY) and let V : R — R**? be a Lipschitz continuous
map, that is there exists a constant K > 0 such that for every x,y € R,

V(z) = V)l < Kllz -yl

For every yo € R, there is a unique solution to the differential equation:

y(t) = yo + / V(y(s)da(s), 0<t<T,

Moreover y € CP~*" ([0, T, R®).

PROOF. The proof is of course based again of the fixed point theorem. Let 0 <7 < T
and consider the map ® going from the space C?~"*"([0, 7], R®) into itself, which is defined
by

B(y)i = yo + / V(y(s)da(s), 0<t<r

By using basic estimates on the Young’s integrals, we deduce that

||CI)(y1) - (D(y2)”p—var,[0,f] < CHpr—var,[O,T](HV(yl) - V(y2)||p—var,[0ﬂ + HV(?Jl)(O) - V(yZ)(O)H)
< CK||x||p—var,[0,T](||yl - ZUQHp—var,[O,T] + ||yl<0) - QQ(O)H)-

If 7 is small enough, then CK||x|/,—varo,;] < 1, which means that ® is a contraction of
the Banach space CP~""([0, 7], R) endowed with the norm [|y||p—var,j0,-] + ||¥(0)]]-
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The fixed point of ®, let us say vy, is the unique solution to the differential equation:

t
y(t) = wo +/ V(y(s))dz(s), 0<t<T.
0
By considering then a subdivision
fr=n<n<--<7n,=T}

such that CK ||z p—var, < 1, we obtain a unique solution to the differential equation:

[Tk77k+1]

y®=m+AV@®MW%(KtST
O

As for the bounded variation case, the solution of a Young’s differential equation is a
C! function of the initial condition,

Proposition 3.2. Let x € CP7 ([0, T],RY) and let V : R® — R be a C' Lipschitz
continuous map. Let w(t,yo) be the flow of the equation

y@=m+KVMww®,0§uﬂi

Then for every 0 < t < T, the map yo — 7(t,yo) is C* and the Jacobian J;, = %y’go) is

the unique solution of the matrix linear equation

d t
Jy=1d+ Z/ DVi(r(s, yo)) Jsdz'(s).
i=1 70

As we already mentioned it before, solutions of Young’s differential equations are
continuous with respect to the driving path in the p-variation topology

Theorem 3.3. Let 2™ € CP~ ([0, T],R%) and let V : R® — R**? be a Lipschitz and
bounded continuous map such that for every x,y € RY,

V(z) =Vl < Kllz =yl
Let y™ be the solution of the differential equation:

y%ﬁw@+AWW%Wﬂ@,oggr

If 2™ converges to x in p-variation, then y" converges in p-variation to the solution of the
differential equation:

o0 =)+ [ Vio)ds(s), 0<e<T
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PROOF. Let 0 < s <t <T. We have

1y = ¥ lp—var () = /0 Vi(y(u))da(u) - /0 V(y" (u))dz" (u)

pf’l}(lT,[S,t}

< / (V) — V" (w))de(u) + / V(" (u))d(x () — 2"(u))

0 0 p—var,[s,t]
< ’V uw)) — V(y"(u)))dx(u + .V"u d(x(u) —x"(u
/O( (y(u)) = V(y"(u)))dz(u) R /0 (y"(w)d(x(u) — 2" (u)) e

< CKHpr—var,[syt] ||y - yan—var,[s,t} + CHI - wan—var,[s,t](KHyan—var,[&t] + ”VHOO,[O,T])

Thus, if s,t is such that CK||z||p—vars,y < 1, Wwe obtain

CKY" lp—vars.0 + VIl fo.71)
1 - CKHpr_UG‘T?[S)t]

In the very same way, provided CK||2"||p—var,[s) < 1, We get

Hy - yan—var,[s,t] S H.’L' - xnl‘p—var,[s,t}-

n <« ClVllefom
15" lp—varfsn < T—F57rm :
17| p—var,[s.4
Let us fix 0 < ¢ < 1 and pick a sequence 0 < 7 < --- < 7, = T such that

CK 2|l p—var,r,mpq] € < 1. Since |2 ||p—var,frmiia] = 12| p—var,m, for n > N; with N;

big enough, we have

‘I‘i+1} 9

n €
CKHZ’ HP*UGT,[T@%‘H] + 5 <L
We deduce that for n > Ny,
n 2
Hy HP—UW{Ti,TiH] < ECHVHOO{O,T]

and
O(KSOHVHOOJQT] + ||V||oo,[o,T])

||y - y ||p—Ua7°7[7'i7Ti+l} — 1 - OK||x||p—U(IT,[Ti,Ti+1] ||x - Hp—’U(ZT’,[Ti,Ti+1}
C 2KC i
< EWlsom (25541 o = "l
C 2KC

< SVl (2EE 4 1) o = 0" pariom,

For n > Ny with Ny > N; and big enough, we have

Y

3%

n
€T —x <
p b b
|| || var,[0,T]

which implies

N

. C 2KC
Hy ) ”p—var,[(),T] S ZHVHOO’[O’T] ? —+ 1) 83.



CHAPTER 4

Rough paths

1. The signature of a bounded variation path

In this lecture we introduce the central notion of the signature of a path z € C*=v%"([0, T], R¢)
which is a convenient way to encode all the algebraic information on the path x which is
relevant to study differential equations driven by z. The motivation for the definition of
the seignature comes from formal manipulations on Taylor series.

Let us consider a differential equation

d . ‘
9+ Y [ Vitota)ds'(u),

where the V,’s are smooth vector fields on R".
If f:R"™— Ris a C* function, by the change of variable formula,

F®) = Fo(s) + 3 [ Vistutis'w)

Now, a new application of the change of variable formula to V; f(y(s)) leads to

000 = st + vttt [ ar v 3 [ [ v

i,7=1

We can continue this procedure to get after N steps

Fule) = Fluls) + 3 S 0 V6D [ Rt

kl]:ll k

for some remainder term Ry (s,t), where we used the notations:
(1) AF[s,t] ={(t1,-~ te) € [s, 1], s St1 <ty <t <1}
(2) If I = (i1, ,ig) € {1, ,d}* is a word with length k,

If we let N — +o00, assuming Ry (s, t) — 0 (which is by the way true for ¢t — s small
enough if the V;’s are analytic), we are led to the formal expansion formula:

Fu®) = FEO) +3 3 (Vi Vi) () /A e

k=1 I=(i1, ,ix)
29
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This shows, at least at the formal level, that all the information given by x on y is
contained in the iterated integrals [ AF[s.1] dx?.

Let R[[X1, ..., X4]] be the non commutative algebra over R of the formal series with d
indeterminates, that is the set of series

“+o0o
Y = Yo + Z Z ail,-wikXil"'X’ik‘
k=1 1€{1,...,d}F

Definition 1.1. Let x € C'7v([0,T],R?). The signature of x (or Chen’s series) is the
formal series:

+oo
)y =1+> Y (/ de>Xi1-~~Xik, 0<s<t<T.
k=1 Ie{l,..ape N AN

As we are going to see in the next few lectures, the signature is a fascinating algebraic
object. At the source of the numerous properties of the signature lie the following so-called
Chen’s relations

Lemma 1.2 (Chen’s relations). Let x € C'=**([0,T],R%). For any word (iy,...,i,) €
{1,...,d}" and any 0 < s <t <u<T,

/ dx(il,...,in) —
A" [s,u]

Z/ dx(ll,,lk)/ dx(l'k+1,...,in)’
k=0 Y AF[s.1] Ar—k[t ]
where we used the convention that if I is a word with length 0, then fAO[O,t] odw! = 1.

Proor. It follows readily by induction on n by noticing that
/ d:c(il,...,in) :/ (/ dx(il,...,in_ﬂ) d:cln(tn)
A™[s,u) s A" 1s,ty]

To avoid heavy notations, it will be convenient to denote

/Ak[s,t] Z AF[s,t] 1 '

Ie{1,...,d}*

This notation actually reflects a natural algebra isomorphism between R[[X7, ..., X,]] and
1@ (RY)®F. With this notation, observe that the signature writes then

+oo
S(z)sy =1+ Z/k dx®*,
A

k=1 [s,t]

and that the Chen’s relations become

da®" = / dx®k/ dzx®=h),
/A”[s,u] Z Ak[s,t] A=kt )

k=0
The Chen’s relations imply the following flow property for the signature:
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Lemma 1.3. Let x € C*([0,T],RY). For any 0 <s<t<u<T,
6(x)s,u = G(x)s,tG(x>t,u
PROOF. Indeed,

2. Estimating iterated integrals

In the previous lecture we introduced the signature of a bounded variation path x as
the formal series

+o0
S(z)st =1+ Z/ dx®".

1 v AF[st]
If now x € CP~v%"([0,T],R%), p > 1 the iterated integrals fAk[s,t} dz®* can only be defined
as Young integrals when p < 2. In this lecture, we are going to define the signature of
some (not all) paths with a finite p variation when p < 2. The construction is due to
Terry Lyons in his seminal paper and this is where the rough paths theory really begins.

For P € R[[X1, ..., X4]] that can be writen as

we define
1P| = | Fo| +Z Z \an ,,,,, ir| €0, 00]
k=1 r1e{1,...,
It is quite easy to check that for P,Q € ]R[[Xl, ey X4l
1PQI < [PIIQI-

Let x € C17vr([0,T],R%). For p > 1, we denote

n—1 P l/p
H/dm@’k = sup Z / dz®* ,
p—var,[s,t] HeD[s,t] 1o I A*[t;,t41]

where D[s, t] is the set of subdivisions of the interval [s,¢]. Observe that for £ > 2, in

general
/ dx®* +/ dx®* #/ dx®*.
AF[s,t] ARt )] AF[s,u]
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Actually from the Chen’s relations we have

n—1
/ dz®" = / dz®* + / ™+ / dz®*F / dz®h),
A [s,u] A" [s,t] An[t,u] 1 ¥ AF[st] A=kt )

It follows that || [ d:zc@k”p_var (o] needs not to be the p-variation of ¢ — fAk[s q dz®. Tt is
however easy to verify that

Ak[sv']

The first major result of rough paths theory is the following estimate:

p—uvar,[s,t] p—var,[s,t]

Theorem 2.1. Let p > 1. There exists a constant C' > 0, depending only on p, such that
for every x € C*=v([0,T],R%) and k >0,

/ dx®* / dr®7
Ak [s,t]

By <%) I, we of course mean I' <§ + 1). Some remarks are in order before we prove

i F

ka
Nont

J=1

1/j

L 0<s<t<T.

g—var,[s,t}

the result. If p = 1, then the estimate becomes

k
/ d.’L’ < _”le —var,[s,t]
Ak [s,t]
which is immediately checked because
dz®F|| < da!
' /Ak[s,t] Z AFs,t]

Ie{l,...,d}*k

< ¥ / Ida ()] -~ o™ 8|

Ie{l,..d}k " 7="t=re = =tk =

= k" ||:E||1—var [s,t]"

We can also observe that for k& < p, the estimate is easy to obtain because

/ dw®k / de‘@k
AF[s,t]

So, all the work is to prove the estimate when k£ > p. The proof is split into two lemmas.
The first one is a binomial inequality which is actually quite difficult to prove:

S ‘

£ —var,[s,1]

Lemma 2.2. Forx,y >0, ne€N,n>0, andp > 1,

n J/p 4 (n=3)/p n/p
Z Ty < p(if +y)

=0



2. ESTIMATING ITERATED INTEGRALS 33

PROOF. See Lemma 2.2.2 in the article by Lyons or this proof for the sharp constant.
O

The second one is a lemma that actually already was essentially proved in the Lecture
on Young’s integral, but which was not explicitly stated.

Lemma 2.3. Let I': {0 < s <t <T} — RY. Let us assume that:

(1) There exists a control & such that

lim sup ”Fs’t I =
=0 nasn<r T

0;

(2) There exists a control w and 0 > 1,€ > 0 such that for 0 < s<t<u<T,
ITsull < ITsell + ITrull + (s, u)’.
Then, for all0 <s<t<T,

£
ICsell < mw(si)e-
PROOF. See the proof of the Young-Loeve estimate or Lemma 6.2 in the book by
Friz-Victoir. ]

We can now turn to the proof of the main result.

PRroor. Let us denote
i 1/ 8

w(s,t) = Z /daz®j

j=1
We claim that w is a control. Indeed for 0 < s <t < u < T, we have from Hélder’s
inequality

gfvar,[s,t]

) e 8 7 e .
w(s, t) +w(t,u) = Z /dx@ + Z /dm®]
j=1 ?—Ua’r,[s,t] j=1 ?—var,[t,u]
[p] |p/i \pli 1/p
< |2 H/dw@f - ”/da:@”
j=1 ?—U(M‘,[S,t] ?—var,[t,u]
[p] Y% P
< Z /daz®7 = w(s,u).
j=1 g—var,[s,u]

It is clear that for some constant $ > 0 which is small enough, we have for k < p,

/ dl‘®k 1
Ak [s,t]

< —w(s, )k

RO
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7 Alpl+1[s 1]

From the Chen’s relations, for 0 < s <t <u <T,
[]

Pow =Ty +Tou+ Y / 4z / dz®E+1-)
AJ [57t] A[p]+1*j [t’u]

Let us now consider

j=1
Therefore,
(7] A ‘
ITsull < ITaell + ITeall + / da®™? ‘/ da®(PI1=3)
=1 Ad[s,t] AlPIH1=1 [t 4]

[p]
1 1 . 1 .
< _ E - b~ (lp]+1-3)/p
>~ ||Fs,t|| + Hrt,uH + 52 — ( ) w(87t) ([p}+1j>!w(t7u>

I\ lpi+1=j

p)° p

R | 1

< |Tsell F 1Tl + = _ ——w(t,u ([p)+1-34)/p

> || ,t|| || t, || 52 ]ZO <l>| ([p]+1fj)! ( )
= P P

1 (w(s,t)—i—w(t,u))([p]“)/p
< |Toill + e ull + =
<l Pl + o

p
1 w(s,u) P+

@p ([M_H)!

w(s, t)j/p

S “Fs,tH + ||Ft,u|| +
p

On the other hand, we have
D5l < All] P

1—var,[s,t]’

We deduce from the previous lemma that
]_ p w(37 t)([p}“i’l)/p
Iyl < =
ITsll < B21 — 210 ([p]+1>!

p

with 0 = MTH. The general case £ > p is dealt by induction. The details are let to the
reader. O

Let z € C'7vor ([0, T],R%). Since
[p] 1/j P

wis ) =[S /dm®j

j=1
1/j

/ dx®

gfvar,[s,t]
is a control, the estimate

‘ / dl’®k
Ak[st]

C’_"” [p]
o \=

j=1

gfvar,[s,t]
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easily implies that for k& > p,

Ck
H/dx@)k 1—var,[s,1] = <§>!

We stress that it does not imply a bound on the 1-variation of the path ¢t — fAk[o q dx
What we can get for this path, are bounds in p-variation:

w(s, t)k/P,

Proposition 2.4. Let p > 1. There exists a constant C' > 0, depending only on p, such
that for every x € C*=* ([0, T],RY) and k > 0,

/ d$®k
Ak [07']

[p]

w(s,t) = Z

j=1

< w(s,t)l/pw(O,T)%

Ck
p—uvar,[s,t] <§> !
1/j

/ dr®7

Proor. This is an easy consequence of the Chen’s relations. Indeed,

/ dx®F — / dx®*
AF[0,t] AFK[0,s]

where
p

, 0<s<t<T

g—var,[s,t}

k

Z/ dx®j/ dzg @)
= Ad[s,t] AT=F[0,s]

/ dr® ‘/ dr®*=1)
AJ[s,t] AI—k[0,s]

i

I/\
»»Mw
v
(‘Ja
H~
M
~
i)
/N
SRR
<
N——

and we conclude with the binomial inequality. U

We are now ready for a second major estimate which is the key to define iterated
integrals of a path with p-bounded variation when p > 2.

Theorem 2.5. Letp > 1, K >0 and x,y € C*([0,T],RY) such that

[p]
/ dx® — / dy®?

1/j

2

j=1

<1
gfvar,[O,T]

)




and
p

< K.
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[p]

/ dx®’ / dy®’
=1

Then there exists a constant C' > 0 depending only on p and K such that for0 < s <t <T
and k > 1

‘/ d$®k—/ dy®k:
Ak[s,t] AF[st]

d$®j _
Ck
I / da®* / dy®*|| < ——w(s, t)k/P
Ak[s,t] AF[s,t] (E) |
p
where w 1s the control

p p
(S22 ) + (ST
p

(SE N @)+ () Al I i)

SN o = [y,

ngil Hfdl'(g)] fdy® Hlf/j'uar (0,7

PrROOF. We prove by induction on k that for some constants C' (3,

/ dZE®k o / dy®k

Ak[s,t] AF[st]

/ d:lj'®k
Ak [s,t]

For k < p, we trivially have

1/j P [p]

e

E—var,[0,7] j=1

1/j

gfvar,[O,T]

Ck

2 _par,[0,T] <@> !
J p

dy®* w(s, t)F?,

i

w(s,t) =

k

E—var,[0,T] 15} (%) !

d:E®j _

/ dy®k
Ak [s,t]

dy®* w(s, t)k/P,

l

Ck
< ———w(s, )"

o)

i

o | 1/i ’
‘/ dx®k—/ dy®*|| < /dx@ —/dy®k w(s, t)k/P
Ak[st] Ak[s,t] =1 g—var,[O,T}
v | 1
< /dx@ —/dy®k w(s, 1)k
j=1 g—var,[O,T}
and
’/ dx®F || + ‘/ dy®*|| < K*Py(s, t)MP
AFk[st] Ak [s,t]
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Not let us assume that the result is true for 0 < j < k with k£ > p. Let

Fs,t :/ dﬂ?®<k+1) _/ dy®(k+1)
Ak[s,t] AF[s t]

From the Chen’s relations, for 0 < s <t <u <T,

k

Ty = Doyt Drut / dz® / dz® =0 - / dy®? / dy® =),
’ e Z AJ[s,1] AR5 [t 0] ; AJ[s,4] Y AR+ [t Y

Jj=1 ’ J

=

Therefore, from the binomial inequality

/ dx® — / dy®j / dp®F+1=7)
AJ[s,t] AJ[s,t] AFFI=][t ]

/ d®k+1=0) / P +1-3)
ARH1L=1[t 4] AR+1=5 [t ]

k
ITsull SITsell + I1Teall + >

i=1

/ dy®j
AJ[s,t]

k
2
p

1 k : " Ck+1-j —
< _— +1-3)/p
Iatll+ M0l + 5550.7) Z< e
=1 \p ) = )!
k ] Ck—i-l—j
Z (5, )/ o (t, ) =D/
O =
p
2 w( u)(k+1)/p
< || r A Yolan e S A
ITsell =+ 1] tull+5 w(0,T)C (w>‘
o= )!
where
©(0,T) = dz® — [ dy®* :
gfvar,[O,T]
We deduce
2p ~ L w(s t)(k+].)/p
r < ™ok 2,
Pl = = D,
= )!
with § = &L p . A correct choice of 3 finishes the induction argument. O

In this lecture, it is now time to harvest the fruits of the of the two previous lectures.
This will allow us to finally define the notion of p-rough path and to construct the signature
of such path.

A first result which is a consequence of the theorem proved in the previous lecture
is the following continuity of the iterated iterated integrals with respect to a convenient
topology. The proof uses very similar arguments to the previous two lectures, so we let it
as an exercise to the student.
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Theorem 2.6. Letp > 1, K >0 and x,y € C*([0,T],R?) such that

[p] 1/3
Z /d:c®j — /dy®j <1,
j=1 gfvar,[O,T]
and
i 1/ P [v] 1/ P
> / dz® +( > / dy® < K.
j=1 gfvar,[O,T] j=1 gfvar,[O,T]

Then there exists a constant C' > 0 depending only on p and K such that for0 < s <t <T
and k >1

‘ / dx®k . / dy®k Ck
Ak[or'} Ak[ov'}

?—var,[O,T] <§) ! 7
This continuity result naturally leads to the following definition.

Definition 2.7. Let p > 1 and x € CP~**([0,T],R?). We say that x is a p-rough path if
there exists a sequence x,, € C1=°¥ ([0, T],R?) such that z,, — x in p-variation and such
that for every € > 0, there exists N > 0 such that for m,n > N,

[p]

dx® — dy®j

p—var,[0,T]

dx@” dx@”

—.—var OT]
The space of p-rough paths will be denoted QP([0,T],RY).

From the very definition, 27([0, T], R?) is the closure of C*=*" ([0, T, R?) inside CP~*%" ([0, T], R%)
for the distance

dew (j0.17.89) (%, Y) dz® — dy®’

2 fvar [0 T]

If z € Q°([0,T],R%) and z,, € Cl “‘”( [0,T],R?%) such that z,, — x in p-variation and
such that for every € > 0, there exists N > 0 such that for m,n > N,
d:pf?j —

dz 2l <e,

?—var,[O,T]

then we define [ AF[s] dz®* for k < p as the limit of the iterated integrals | A¥[s] dz®k

However it is important to observe that [ N dz®* may then depend on the choice of
the approximating sequence x,,. Once the integrals [ AF[s 4] dz®* are defined for k < p, we
can then use the previous theorem to construct all the iterated integrals [ AF[s 1] dz®* are
defined for k > p. It is then obvious that if z,y € QP([0, T],RY), then
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implies that

i [
k=1 [st] k[s,t]

In other words the signature of a p-rough path is completely determinated by its truncated

signature at order [p|:
[p]

Sy (7)ss =1+ Z/ dx®".

For this reason, it is natural to present a p-rough path by this truncated signature at
order [p| in order to stress that the choice of the approximating sequence to contruct the
iterated integrals up to order [p| has been made. This will be further explained in much
more details when we will introduce the notion of geometric rough path over a rough
path.

The following results are straightforward to obtain from the previous lectures by a
limiting argument.

Lemma 2.8 (Chen’s relations). Let x € QP([0,T],RY), p > 1. For0<s<t<u<T,

andn > 1,
/ dz®" =
A" [s,u]

Theorem 2.9. Let p > 1. There exists a constant C' > 0, depending only on p, such that
for every x € QP([0,T],R?) and k > 1,
/da:®j

p ok _ Ck [p]
/Ak[s,t] ! _W Z

k =
If p > 2, the space Q7([0, T],R?) is not a Banach space (it is not a linear space) but
it is a complete metric space for the distance

n

Z / dr® / dz®M—Fk)
Ak[s,t] A—E [t ]

k=0

1/j
, 0<s<t<T

?—var,[s,t}

dew (j0.11,89) (%, Y) dx® — dy®]

—. —var,[0 T]

The structure of QP([0, 7], R?) will be better understood in the next lectures, but let us
remind that if 1 < p < 2, then Q7([0,T],R?) is the closure of C*~**"([0,T], R?) inside
Cr=var ([0, T], RY) for the variation distance it is therefore what we denoted C%P~*%" ([0, T'], R%).
As a corollary we deduce

Proposition 2.10. Let 1 < p < 2. Then z € QP([0,T],R?) if and only if
lim sup x(t —x(tg)||? = 0,
0=011eD[s,4 |H|<6kzo I tia) ol

where D[s,t] is the set of subdivisions of [s,t]. In particular, for p < q < 2,
crr([0,T],RY) c QF([0, T],RY).
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3. Rough linear differential equations

In this lecture we define solutions of linear differential equations driven by p-rough
paths, p > 1 and present the Lyons’ continuity theorem in this setting. Let x €
Q7([0,T],R?) be a p-rough path with truncated signature

[p]
> [ an
—0 Ak[st]
and let z,, € C'7*% ([0, T],R?) be an approximating sequence such that

®j _ ®j
dz dz,;

?—var,[O,T]
Let us consider matrices My, --- , My € R™"™. We have the following theorem:

Theorem 3.1. Let y, : [0,T] — R™ be the solution of the differential equation

) =50+ 3 [ M (s)di (o),

Then, whenn — oo, y, converges in the p-variation distance to somey € CP~* (0, T],R").
y 1s called the solution of the rough differential equation

0) + Z/o My(s)dz'(s)

ProOOF. It is a classical result that the solution of the equation

nlt) =00+ [ M (51} 3),

can be expanded as the convergent Volterra series:

WORTREES SEb SRS VAT (/ k[&ﬂdx,i)yn@»

k=1 I=(iy, ix)

Therefore, in particular, for n,m > 0,

Yn(t) — yp( M, - M, (/ d:vi—/ dwl>y(0),
g Z Z g AF[0,¢] AK[0,¢] b

k=1 I=(i1," i)
/ ®k _/ d:[‘®k
AK[0,¢] AK[0,¢]

which implies that

14 (t) = ym(t ||<ZM’“ Ol
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with M = max{||Mi|],--- ,||Ma||}. From the theorem of the previous lecture, there exists
a constant C' > 0 depending only on p and

1/j
®j
dz,

g—var, [0,77]

such that for £ > 1 and n, m big enough:
Ck

’/ dx®k—/ dx2* .
A4, A¥0,] evarpoiry) (£)!

As a consequence, there exists a constant C' such that for n, m big enough:

dx®7 — / dx®i

This already proves that y, converges in the supremum topology to some y. We now have

=)D =S 3 ean ([ o)~ [ dabants)),

k=1 I= 117 7k

®jF ®j
dz, dz,:

p—var, [OvT]

1/j
[yn(t) — Ym(t)

gfvar,[O,T]

and we can bound

/ dxflyn(s)—/ dz! ym(s)

Ak [s 4] Ak[s,t]

<\ [ axt o) = N+l | [ ack= [ aa,
Ak [s,t] Ak [s,t] AFk[st]

< / dz / da! — / dx!,
Ak[s,t] Ak[st] AF[st]

From the theorems of the previous lectures, there exists a constant C' > 0, depending
only on p and

— Ymllooj0.71 + [|¥m |l o077

gfvar, [0,77]

such that for £ > 1 and n, m big enough

‘/ de‘@k
AF[st] "
/ dx®F — / dx®"
Ak[s,t] " AF[s,t] "

[p]

< (>

j=1

1/j

Ck:
gfvar,[O,T} (:%) !

w(s, 1),

/ dx®7 — / da ¥
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where w is a control such that w(0,7) = 1. Consequently, there is a constant C, such
that

[ (t) = yn(5)) = (Ym(t) = ym(s))]]

[p]
/ dx®7 — / dx®F

<C | 1Yn = Ymllooor] + Z
j=1

1/j
w(s, )P

gfvar,[O,T]
This implies the estimate

1/j
p

/ dx®7 — / da®F

and thus gives the conclusion. U

[p]
Hyn - ym“p—var,[O,T] S C ”yn - ymHoo,[O,T] + Z
j=1 ;fvar,[O,T}

With just a little more work, it is possible to prove the following stronger result whose
proof is let to the reader.

Theorem 3.2. Let y, : [0,T] — R™ be the solution of the differential equation

d t

nlt) =90)+ Y [ Mn(ds} (s).

i=1 70
and y be the solution of the rough differential equation:

d ¢

yt) =90)+ Y [ Myls)ds'(s).

i=1 70

Then, y € QP([0,T],R?) and when n — oo,

[p]
> / dy™ — / dy;?
j=1

We can get useful estimates for solutions of rough differential equations. For that, we
need the following analysis lemma:

1/5
— 0.

g—var, [0,7]

Proposition 3.3. Forx >0 andp > 1,

+o00 k

k=0

ProOOF. For a > 0, we denote




3. ROUGH LINEAR DIFFERENTIAL EQUATIONS 43
This is a special function called the Mittag-Leffler function. From the binomial inequality

) —+00 k 1 i
P =2 (Z Gk —j>a>!> ’

k=0 \j=0

Zza’f o 1E (2°%).

Thus we proved

1 a

[terating this inequality, k& times we obtam

E.(z) < B (2% )1/ (k).

k 1
Oézj:l 27

It is known (and not difficult to prove) that

By letting £ — oo we conclude

This estimate provides the following result:

Proposition 3.4. Let y be the solution of the rough differential equation:

0) + Z/o My(s)dz'(s)

Then, there exists a constant C depending only on p such that for 0 <t < T,

SN o)
ly(®)]| < plly(0)]e ( ' ]>,

where M = max{||M||,---, || M|}

Proor. We have

Thus we obtain

Iy ()11,

/ da!
AK[0,t]

and we conclude by using estimates on iterated integrals of rough paths together with the
previous lemma. O

k=1 I=(i1, ,ir)
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4. The Chen-Strichartz expansion formula

The next few lectures will be devoted to the construction of the so-called geometric
rough paths. These paths are the lifts of the p-rough paths in the free nilpotent Lie group
of order p. The construction which is of algebraic and geometric nature will give a clear
understanding and description of the space of rough paths. The starting point of the
geometric rough path construction is the algebraic study of the signature. We present
first the results for continuous paths with bounded variation because the extension to
p-rough paths is more or less trivial.

Let us first remind that if z € C*=ve" ([0, T], R?), then the signature of x is defined as
the formal series

“+oo
6($)87t - Z Z </<t1< <tp <t dmg o dx;:) Xil . Xlk
SSU1S.SpS

k=1 1€{1,...,d}*

If the indeterminates Xj,---, X, commute (that is if we work in the commutative
algebra of formal series), then the signature of a path admits a very nice representation.

Indeed, let us denote by Sy the group of the permutations of the index set {1,...,k}
and if o € S, we denote for a word I = (i1,...,4), o - I the word (ix(1), ..., %@k)). By
commuting Xy, -+, Xy we get

st—1+z Z lk(k'z/mst )

k=1 I=(i1,...,i) g€ES

Since
ZS/A] = (@) =" () (@ (1) — (),

we deduce,

where the exponential of a formal series Y is, of course, defined as

+00 L

Y
eXp(Y) = F

k=0
As a consequence, the commutative signature of a path is simply the exponential of the
increments of the path. Of course, the formula is only true in the commutative case. In
the general and non-commuting case, it is remarkable that there exists a nice formula
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that expresses the signature as the exponential of a quite explicit series which turns out
to be a Lie series (a notion defined below). We need to introduce first a few notations.
We define the Lie bracket between two elements U and V' of R[[ X, -, X4]| by
U, V]=UV —-VU.
Moreover, if I = (iy,...,i;) € {1,--+,d}* is a word, we denote by X; the iterated Lie
bracket which is defined by

Xp = Xy, [(Xigs oo [Xip 1 Xip]):

29 °* k—17

Theorem 4.1. [Chen-Strichartz expansion theorem] If x € C'=v ([0, T],R?), then

S(z)ss = exp Z Z Ar(z)s X ], 0<s<t<T,
k>1 Ie{1, d}k
where for k > 1, I € {1,--- ,d}* :
o Sy is the set of the permutations of {1,--- ,k};
o Ifo €Sy, e(o) is the cardinality of the set

{] S {17 ,k—l},U(j) >U<.j+1)}>

Ar(x)r =Y % /A - dz” .

o€SK k2
(&

Remark 4.2. The first terms in the Chen-Strichartz formula are:

(1)
Z Ar(2)s: X1 = Z(xl(t) — xz(s))X“
)

I=(iy k=1

3 Al(x)s,txlzé S XX / 2 () (u) — 29 (u)dar ().

I1=(41,i2) 1<i<j<d

The proof proceeds in several steps. To simplify a little the notations we will assume
s =0,t =T and z(0) = 0. The idea is to prove first the result when the path x is
piecewise linear that is
on the interval [t;,t;11) where 0 =ty < t; < --- <ty = T. And, then, we will use a
limiting argument.

The key point here is the multiplicativity property for the signature that already was
pointed out in a previous lecture: For 0 < s <t <u <T,

S(2)su = 6(2)s..6(x) 4.



46 4. ROUGH PATHS

By using inductively the multiplicative property, we obtain

N-1
sone=T (143 ¥ x|,
n=0 k=1 I=(iy,...if,) [tn,tn+1]

Since, on [t,, tyy1),
dz(t) = adt,

we have

/ dxlzag---aif/ dtil"'dtikzaﬁ'“ai{"( “' )
Ak [ty tn 1] AF [ty tnt1] k!

Therefore

1+Z S X Xlka;;...aglk%——!tw

k=1 I=(i1,...1 )

Il
H ( n+l — tn) Z a;Xz> .

We now use the Baker-Campbell-Hausdorff-Dynkin formula that gives a quite explicit

formula for the product of exponentials of non commuting variables:

Proposition 4.3 (Baker-Campbell-Hausdorff-Dynkin formula). If y1,--- ,yy € R? then,

N d
Hexp <Zy;Xz> = exp Z Z Br(yi, -, yn) X1 |,
n=1 i=1

k>1 1€{1,...,d}*

where for k> 1, I € {1,...,d}*

o€8, 1=jo<i < <jn-1<k jil - jy_q! v=1

—1 e(o) N o1, 1) _
Bi(yr, -+ yn) = Z Z (=) - Hy” ety
JN 1-7€2< _ )

e(o)

We get therefore:

S(x)or = exp Z Z Br(tiag, -+, (tv —tn—1)an—1)X1

k>1 1€{1,...,d}*
It is finally an exercise to check, by using the Chen relations, that:

1 e(o) n
Bt (0 = tnrov) = 3 zk—)l)/w v

oS kQ
elo
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We conclude that if x is piecewise linear then the formula

S@)ar=exp > D M@)uX;|, 0<s<t<T

k>1 1€{1, d}*

holds. Finally, if z € C*7v([0,T],R?), then we can consider the sequence z,, of linear
interpolations along a subdivision of [0, 7] whose mesh goes to 0. For this sequence, all the
iterated integrals [ AR0,T] dz! will converge to [ ARO/T] dz! (see for instance the proposition

2.7 in the book by Friz-Victoir) and the result follows.

5. Magnus expansion

In the previous lecture, we proved the Chen’s expansion formula which establishes
the fact that the signature of a path is the exponential of a Lie series. This expansion
is of course formal but analytically makes sense in a number of situations that we now
describe. The first case of study are linear equations.

Let us consider matrices My, -+, My € R™™ and let y, : [0,7] — R™ be the solution
of the differential equation

d . ‘
) =00+ Y [ Ma(s)a(s)

where x € C'7v([0,T],R?). The solution y admits a representation as an absolutely
convergent Volterra series

+00
TORVORD DI DI §f S PO}

k=1 I=(iy, i) AF[0,¢]
The formal analogy between this expansion and the signature leads to the following result:

Proposition 5.1. There exists T > 0 such that for 0 <t <7,

y(t) = exp Z Z Ap(x), My | y(0),

k>1 Ie{L, d}F

where
M = [M;,, [Myy, ... [M;,_,, M;]...],

1s the iterated Lie bracket and
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PrROOF. We only give the sketch of the proof. Details can be found in this paper by
Strichartz. First, we observe that a combinatorial argument shows that

UEZSk m < Q—Ck/«!\/ﬁ

On the other hand, we have the estimate

/ dz®
AF[0,1]

As a consequence, we obtain

- 1
< | dz’ 1.[ | < _| Z k—var :
Lo 1S

[Ar(z)e] < WHJCHIf_W,[o,ty

For the matrix norm we have the estimate
M| < CF,

so we conclude that for some constant C ,

ck
> Agla)My SWH‘IL‘Hl—van[O,t]‘
}k

Ie{l,-,d

We deduce that if 7 is such that ||z(/1_vaer o, < %, then the series

Z Z AI(ZU)tMI

k>1 1€{1, d}*

is absolutely convergent on the interval [0, 7]. At this point, we can observe that the Chen’s
expansion formula is a purely algebraic statement, thus expanding the exponential

exp Z Z A[(l’)tM[ y(())

k>1 1e{1, ,d}*

and rearranging the terms leads to

y(0) + f > M, M, ( /A o da;f) y(0)

k=1 I=(i1, ,ix)
which is equal to y(t). O

Another framework, close to this linear case, in which the Chen’s expansion makes
sense are Lie groups. Let G be a Lie group acting on R?. Let us denote by g the Lie
algebra of G. Elements of g can be seen as vector fields on R?. Indeed, for X € g, we can

define

etX (

x)—x
X (x) = lim ) :
t—0 t
where e'X is the exponential mapping on the Lie group G. With this identification, it

is easily checked that the Lie bracket in the Lie algebra coincides with the Lie bracket
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of vector fields and that the exponential map e* in the group corresponds to the flow
generated by the vector field X. As above we get then the following result:

Proposition 5.2. Let Vy,--- Vg € g and x € O ([0,T],R%). Let us consider the
differential equation

) =00+ 3 [ Vi)' (o)

There exists T > 0 such that for 0 <t <7,

y(t) = exp Z Z Ar(z)eVr | y(0).

k21 [€{1, d}k

A special case will be of interest for us: The case where the Lie group G is nilpotent.
Let us recall that a Lie group G is said to be nilpotent of order N if every bracket of
length greater or equal to N + 1 is 0. In that case, the sum in the exponential is finite
and the representation is then of course valid on the whole time interval [0, 7.

6. Free Carnot groups

We introduce here the notion of Carnot group, which is the correct structure to un-
derstand the algebra of the iterated integrals of a path up to a given order. It is worth
mentioning that these groups play a fundamental role in sub-Riemannian geometry as
they appear as the tangent cones to sub-Riemannian manifolds.

Definition 6.1. A Carnot group of step (or depth) N is a simply connected Lie group G
whose Lie algebra can be written
V@ ... 3 Wy,
where
[Vi’ Vj] = Viyj
and
Vs =0, fors> N.

We have some basic examples of Carnot groups.
Example 6.2. The group (]Rd, +) is the only commutative Carnot group.
Example 6.3. Consider the set H,, = R?*" x R endowed with the group law

1
(w.0) % (18) = (24 .0+ 5+ Juton)),
where w is the standard symplectic form on R**, that is

_ (0 -1,
www%4v(h o )Y

On b, the Lie bracket is given by
[(I’ a), (y, 6)] = (07("}(337 y)) )
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and it 1s easily seen that
hn = Vl b VQ,
where V1 = R?™ x {0} and V, = {0} x R. Therefore H,, is a Carnot group of depth 2.

The Carnot group G is said to be free if g is isomorphic to the nilpotent free Lie
algebra with d generators. In that case, dim V) is the number of Hall words of length j in
the free algebra with d generators. A combinatorial argument shows then that:

1 i
ilj

where p is the Mobius function. A consequence from this is that when N — +o0,
dN
di ~—.
img ~ —

The free Carnot groups are the ones that will be the most relevant for us, so from now
on, we will restrict our attention to them.

Let G be a free Carnot group of step N. Notice that the vector space V;, which is
called the basis of G, Lie generates g, where g denotes the Lie algebra of G. Since G is
step N nilpotent and simply connected, the exponential map is a diffeomorphism and the
Baker-Campbell-Hausdorff formula therefore completely characterizes the group law of G
because for U,V € g,

expUexpV =exp (P(U,V))

for some universal Lie polynomial P whose first terms are given by

P(UV) = U+V+iUV]+ &[0 V], V] - &[0, V], U]
—wV U UV - U VU V] +---

(see Appendix B for an explicit formula). On g we can consider the family of linear oper-
ators d; : g — g, t > 0 which act by scalar multiplication ¢’ on V;. These operators are Lie
algebra automorphisms due to the grading. The maps ¢; induce Lie group automorphisms
A; : G — G which are called the canonical dilations of G

It is an interesting fact that every free Carnot group of step N is isomorphic to some
R™ endowed with a polynomial group law. Indeed, let X3, --- , X, be a basis of V;. From
the Hall-Witt theorem we can construct a basis of g which is adapted to the grading

g:vl@.@VN’

and such that every element of this basis is an iterated bracket of the X;’s. Such basis,
which can be made quite explicit, will be referred to as a Hall basis over Xy, -+, X4. Let
B be such a basis. For X € g, let [X]z be the coordinate vector of X in the basis B. If
we denote by m the dimension of g, we see that we can define a group law x on R™ by
the requirement that for XY € g,

[X]s* [Y]s = [Pn(X, V)]s = [In(e¥e )]s
It is then clear that (R™, x) is a Carnot group of step N whose Lie bracket is given by:
[(X]s, [Y]8] = [X, Y]]5-
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Therefore, every free Carnot group of step N such that dimV; = d is isomorphic to
(R™, x). Another representation of the free Carnot group of step N which is particularly
adapted to rough paths theory is given in the framework of formal series. As before, let
us denote by R[[ X7, -+, X,]] the set formal series. Let us denote by Ry[X7, -+, X,] the
set of truncated series at order IV, that is R[[ X1, - - -, X4]] quotiented by X;, --- X;, = 0if
k > N+1. In this context, the free nilpotent Lie algebra of order N can be identified with
the Lie algebra generated by Xi,---, Xy inside Ry[X7, -+, X,], where the bracket is of
course given by the anticommutator. This representation of the free nilpotent Lie algebra
of depth N shall be denoted by gy (R?) in the sequel of the course. The free nilpotent
group of step can then be represented as Gy (R?) = exp(gy(R?)) where the exponential
map is the usual exponential of formal series.
We are now ready for the definition of the lift of a path in Gy(R?).

Definition 6.4. Let z € C'="([0, T],RY). The Gn(R?) valued path

N

Z/ dz®F, 0<t<T,
0 ¥ AF[0,1]

is called the lift of x in Gn(R?) and will be denoted by Sy(x).
It is worth noticing that Sy(x) is indeed valued in Gy(R?) because from the Chen’s
expansion formula:
N
Sn()(t) =exp [ > Z AI :
k=1 1€{1,-
where the notations have been introduced before. The multiplicativity property of the
signature also immediately implies that for s <,
N

Sx(@)(t) = Sn(a)(s)exp [ 3 2 RUEREY

k=1 1€{1,-
7. The Carnot-Carathéodory distance

In this Lecture we introduce a canonical distance on a Carnot group. This distance
is naturally associated to the sub-Riemannian structure which is carried out by a Carnot
group. It plays a fundamental role in the rough paths topology. Let Gy (R?) be the free
Carnot group over R%. Remember that if x € C1=2% ([0, T], R?), then we denote by Sy(z)
the lift of x in Gy (RY). The first important concept is the notion of horizontal curve.

Definition 7.1. A curve y : [0,1] — Gy (RY) is said to be horizontal if there exists
x € C17([0,T],R?) such that y = Sy(x).

It is remarkable that any two points of Gy(R?) can be connected by a horizontal
curve.

Theorem 7.2. Given two points g; and gy € Gy (R?), there is at least one x € C17v ([0, T], R?)
such that g1Sn(x)(1) = go.
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PROOF. Let us denote G the subgroup of diffeomorphisms Gy (R?) — Gy (R?) gener-
ated by the one-parameter subgroups corresponding to ey, --- ,e4. The Lie algebra of G
can be identified with the Lie algebra generated by Xi,--- , Xy, i.e. gn(R?). We deduce
that G can be identified with Gy (RY) itself, so that it acts transitively on G. It means
that for every z € Gy (R?), the map G — Gy (RY), g — g(z) is surjective. Thus, every
two points in G can be joined by a piecewise smooth horizontal curve where each piece is
a segment of an integral curve of one of the vector fields Xj. O

Remark 7.3. In the above proof, the horizontal curve constructed to join the two points
15 not smooth. Nevertheless, it can be shown that it is always possible to connect two
points with a smooth horizontal curve.

This theorem is a actually a very special case of the so-called Chow-Rashevski theorem
which is one of the cornerstones of sub-Riemannian geometry. We now are ready for the
definition of the Carnot-Carathéodory distance.

Definition 7.4. For gi, 9> € Gy(R?), we define
d = inf —var )
(91, 92) = _inf ]l 1-var oy

91,92
where
8(91;92) = {ZE S Ol_var([ov 1]7Rd)7glsN(I)(1) = 92}‘
d(g1, go) is called the Carnot-Carathéodory distance between g1 and gs.

The first thing to prove is that d is indeed a distance.
Lemma 7.5. The Carnot-Carathéodory distance is indeed a distance.

PrROOF. The symmetry and the triangle inequality are easy to check and we let the
reader find the arguments. The last thing to prove is that d(g;,¢2) = 0 implies g; = go.
From the definition of d it clear that dg < d where dg is the Riemmanian measure on
Gy (R%). Tt follows that d(g;, g2) = 0 implies g; = go. O

We then observe the following properties of d:
Proposition 7.6.
o For g1, 9> € Gy(RY),

d(g1, g2) = d(g2, g1) = d(0, g ' go).

o Let (Ay);>o be the one parameter family of dilations on Gyn(RY). For g1, 9, €
Gy (R?), and t >0,

d(Avg1, Avgz) = td(g1, 92).

PRrOOF. The first part of the proposition stems from the fact that for every x €
Ct=var ([0, T],RY), Sy(x)~! = Sy(—x), so that g1 Sy (z)(1) = g» is equivalent to goSn(—z)(1) =
g1 which also equivalent to Sy (z)(1) = g; 'g2. For the second part, we observe that for
tZO, AtSN(ZE):SN(tI) O

The Carnot-Carathéodory distance is pretty difficult to explicitly compute in general.
It is often much more convenient to estimate using a so-called homogeneous norm.
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Definition 7.7. A homogeneous norm on Gy (R?) is a continuous function || - ||: Gy (R?) —
[0,400), such that:

(1) A fl=t ||, t>0, x € Gy(RY);

(2) 7 =l 2 |, = € Gn(RY);

(3) || z ||= 0 if and only if x = 0.

It turns out that the Carnot-Carathéodory distance is equivalent to any homogeneous
norm in the following sense:

Theorem 7.8. Let || - || be a homogeneous norm on Gy(R?). There exist two positive
constants Cy and Cy such that for every x,y € Gy (RY),

Allz"yl < d(z,y) < Blla"y|.

PROOF. By using the left invariance of d, it is of course enough to prove that for every
WS GN(Rd),
Allz| < d(0,z) < Bl|z]|.
We first prove that the function z — d(0, ) is bounded on compact sets (of the Riemann-
ian topology of the Lie group Gy (R%)). As we have seen before, every z € Gy(R?) can

be written as a product:
N

T = | | eliXn; |

i=1
From the very definition of the distance, we have then

N N
d(0,7) < d (0, Hetixkz-) <3 .
=1 =1

It is not difficult to see that Zfil |t;| can uniformly be bounded on compact sets, therefore
d(0, z) is bounded on compact sets. Consider now the compact set

K = {z € Gn(RY), ||z|| = 1}.

Since d(0,z) is bounded on K, we deduce that there exists a constant B such that for
every z € K|

d(0,z) < B.
Since dg < d, where dg is the Riemannian distance, we deduce that there exists a constant
A such that for every x € K,

d(0,z) > A.
Now, for every x € Gy (R?), z # 0, we deduce that

A <d(0,A1z7) < B.

This yields the expected result. U

Let us now finally give an example of a homogeneous norm which is particularly
adapted to rough paths theory. Write the stratification of gy (R?) as:

gN(Rd)=V1@'--@VN
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and denote by m; the projection onto V;. Let us denote by || - || the norm on gy (R?) that
comes from the norm on formal series. Then, it is easily checked that

plg) = Z li(g)]"?

is an homogeneous norm on Gy (R?). This homogeneous norm is particulary adapted to
the study of paths because if x € C'=** ([0, 7], R?), then one has:

N
/ dz®*
Ak[s,t]

p ((Sw(@)(9) ' Sn(z)(t) =Y
k=1

We finally quote the following result, not difficult to prove which is often referred to

as the ball-box estimate.

1/k

Proposition 7.9. There exists a constant C' such that for every x,y € Gy (RY),
d(z,y) < Cmax{[lx —y|, | — y[|"* max{1,d(0,2)'~/"}}.
and
lz =yl < Cmax{d(z,y) max{1,d(0,2)" '}, d(w,y)"}.

In particular, for every compact set K C Gy(R?), there is a constant Cx such that for
every x,y € K,

1

oo lle =yl < dz,y) < Clle — yll'r.

K

PROOF. See the book by Friz-Victoir, page 152. O

8. Geometric rough paths
Definition 8.1. A continuous path z : [s,t] — Gy(R?) is said to have a bounded variation
on [s,t], if the 1-variation of x on [s,t], which is defined as
n—1

||x||1—var;[s,t] = Ssup Zd(fl?(tk+1>,$<tk))7
HeD[s,t] ;.-

is finite, where d is the Carnot-Carathéodory distance on Gy (R?). The space of continuous
bounded variation paths x : [s,t] — R%, will be denoted by C*="""([s,t], Gn(RY)).

The 1-variation distance between x,y € C17%%"([s, t], Gy (R?)) is then defined as
n—1

dlfvar;[s,t] = sup Zd(x(tk)_lx(tk—i-l)ay(tk>_1y(tk+l))
I1€D(s,t] F—0

As for the linear case the following proposition is easy to prove:

Proposition 8.2. Let z € C'"([0,T],Gn(R?Y)). The function (s,t) — ||z|li—var[sq
additive, i.e for 0 < s <t <u<T,

||:L‘||17var,[s,t} + ||:L‘||17var,[t,u] = ||w||1fvar,[s,u]7
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and controls x in the sense that for 0 < s <t <T,
d(z(s), 2(t)) < [[2[l1-var,[s.0-

The function s = ||2||1—var 0,5 %5 MoTEOVET CONtinuous and non decreasing.

We will denote C; ([0, T, G (R?) the space of continuous bounded variation paths
that start at 0. It turns out that C3 " ([0, T], G5 (R%)) is always isometric to C3~**" ([0, T], R%).

Theorem 8.3. For every, x € C;~"* ([0, T],R%), we have

HSN(:E)”l—var;[QT] - ”le—var;[O,T]-
Moreover, for everyy € Cy~"* (0, T], Gy (R?), there exists one and only one x € Cy~ " ([0, T], R%)
such that

PROOF. Let x € C37"([0,7T],RY). From the very definition of the Carnot-Carathéodory
distance, for 0 < s <t < T, we have

d(Sn()(5), Sn(2)(t)) 2 [[2]l1—var s

As a consequence we obtain,

||SN<x) || 1—var;[0,7T) Z ||x||17var;[O,T] .

On the other hand, Sy(z) is the solution of the differential equation

Sn(z)(t) = Z/O Xi(Sy(z)(s))dz'(s), 0<t<T.
This implies, )

d (Sn(x)(s), Sn(x)(t)) < / ldz ()]l = ll#]l1-var,fs.0-

Finally, let y € C; " ([0,T],Gy(R?). Let 2 be the projection of y onto RY. From
the theorem of equivalence of homogeneous norms, we deduce that z has a bounded
variation in R?. We claim that y = Sy (). Consider the path z = ySy(x)™'. This is a
bounded variation path whose projection on R? is 0. We want to prove that it implies
that 2 = 0. Denote by z, the projection of z onto Gy(R?). Again from the equivalence
of homogeneous norms, we see that z, has a bounded variation in Go(R?). Since the
projection of 2o on RY is 0, we deduce that 2, is in the center of Go(R?), which implies
that 25(s) 125(t) = 22(t) — 29(s). From the equivalence of homogeneous norms, we have
then
d(z2(s), 2a(t)) = [|22(t) — z2(s)]| 2.

Since z; has a bounded variation in Go(R?), it has thus a 1/2-variation for the Euclidean
norm. This implies zo = 0. Using the same argument inductively shows that for n < NV,
the projection of z onto G, (RY) will be 0. We conclude z = 0. O

As a conclusion, bounded variation paths in Carnot groups are the lifts of the bounded
variation paths in R?. As we will see, the situation is very different for paths with bounded
p-variation when p > 2.
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Definition 8.4. Let p > 1. A continuous path x : [s,t] — Gy (RY) is said to have a
bounded p-variation on [s,t], if the p-variation of x on [s,t], which is defined as

n—1 1/p
1] p—vars(s.4 12( sup Zd(x(tk+1),x(tk))p) ,

I1€D[s,t] 5—0
is finite. The space of continuous paths x : [s,t] — R? with a p-bounded variation will be
denoted by CP~v([s,t], Gn(RY)).
The p-variation distance between x,y € CP7%"([s, t], Gy (R?)) is then defined as

n—1

1/p
dp—varis (T, Y) = ( sup Zd(x(tk)_lx(tlﬁ—l)vy(tk)_ly(tlﬁ—l))p) :

HeD[s,t] ;.-

As for R valued paths, we restrict our attention to p > 1 because any path with a p-
bounded variation, p < 1 needs to be constant. We have then the following theorem that
extends the previous result. The proof is somehow similar to the previous result, so we
let the reader fill the details.

Theorem 8.5. Let 1 < p < 2. For every y € Cy " ([0, T],Gn(RY), there exists one and
only one x € CY"""([0,T],RY) such that

y = Sy(z).
Moreover, we have
12 [[p—varso,r) < 1SN (@)lp—varsior) < Cllz|lp-vario,)-

For p > 2, the situation is different as we are going to explain in the next Lectures.
This can already be understood by using the estimates that were obtained in a previous
Lecture. Indeed, we have the following very important proposition that already shows
the connection between p-rough paths and paths with a bounded p-variation in Carnot
groups:

Proposition 8.6. Let p > 1 and N > [p|. There exist constants Cy,Cy > 0 such that for
every x € Cy =" ([0, T], Gn(RY),
/ dr®

(p]
/ dl’®j

a2
j=1

Proor. This is a consequence of the theorem about the equivalence of homogeneous
norms on Carnot groups. Write the stratification of gy (R?) as:

gN(Rd)=V1@'--@VN

and denote by ; the projection onto V;. Let us denote by || - || the norm on gy (R?) that
comes from the norm on formal series. Then,

plg) = Z lmi(g)] "

1/5 [p]

p < IS8 (@) lp-vargs) < Ca [ D

;_Uar7[s7t] ]:1

1/j

?—var,[s,t]
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is an homogeneous norm on Gy (RY). Thus, there exist constants C;,Cy > 0 such that
for every g € Gy (RY),

Cip(g) < d(0,9) < Cap(g).
In particular, we get

Cip (S (@)(s) " S (@)(t)) < d(Sn(x)(s), Sn(@)(t)) < Cop (Sn(2)(s) ™ Sn(2)(t)) -

Let us now observe that

N 1/k
p (@) Sw@) =Y | [ ar®
1 Ak[s,t]
and that, from a previous lecture k > [p],
k
Ok [p] Y%
‘/ dz®*|| < —— Z/dx@” ., 0<s<t<T
Ak[st] <E> ! j=1 ?—Uar,[s,t]
The conclusion easily follows. U

In this Lecture, the geometric concepts introduced in the previous lectures are now
used to revisit the notion of p-rough path that was introduced before. We will see that
using Carnot groups gives a perfect description of the space of p-rough paths through the
notion of geometric rough path.

Definition 8.7. Let p > 1. An element z € Cy " ([0,T], Gy (RY)) is called a geometric

p-rough path if there exists a sequence x, € Cy " ([0,T], Gy (R?)) that converges to
x in the p-variation distance. The space of geometric p-rough paths will be denoted by

QG?([0,T], RY).
To have it in mind, we recall the definition of a p-rough path.

Definition 8.8. Let p > 1 and x € CY """ ([0,T],R?). We say that x is a p-rough path if
there exists a sequence x, € Cy~ " ([0, T],R?) such that x,, — x in p-variation and such
that for every e > 0, there exists N > 0 such that for m,n > N,

[p]
Z / d:pf?j — / da:ff’lj
j=1

Our first goal is of course to relate the notion of geometric rough path to the notion
of rough path.

€.

1/j
<
?—var,[O,T]

Proposition 8.9. Let y € C§ " ([0,T], G (R?)) be a geometric p-rough path, then the
projection of y onto R is a p-rough path.

PROOF. Let y € CJ ([0, T], Gy (R?)) be a geometric p-rough path and let us con-
sider a sequence y, € Cy~ " ([0,T], G (R?)) that converges to y in the p-variation dis-
tance. Denote by z the projection of y onto R? and by x,, the projection of y,. From a
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previous theorem y, = Sp(x,). It is clear that x, converges to x in p-variation. So, we
want to prove that for every € > 0, there exists N > 0 such that for m,n > N,

[p] 1/5
/ dxf?j — / dxf?lj

n—1 1/p
dp—var;[s,t} (yn7ym) - ( sup Zd(yn(tk)_lyn(tk-Fl)?ym<tk)_1ym(tk+1>>p> :

<e.
gfvar,[O,T]

Let us now keep in mind that

J=1
eD[st] .

and consider the control

d —var;|s ny Jdm P d —var;|s 07 m P
w(s,t):( p—vars[st] (Yn Y )) +( p—var;[s4 (0, Y )) '

dp—var;[O,T} (yna ym) dp—var;[O,T] (07 ym>

We have
n—1 p/k k/p
H/ o= [ s o S e
£—var,[0,T] I1eD[0,T7] =0 AR 4] AR[t t541]
dx®k — d:[;®k ’
< sup ‘fM[s,t] - fAk[S7t] - w(0, T)k/p
N o<s<i<r w(s, t)k/p

From the ball-box estimate, there is a constant C' such that for z,y € Gy, (R%):
|l = y[l < Cmax{d(z,y) max{1,d(0,2)" "}, d(z,y)"}.

We deduce
[ 55 = s @05
w(s, t)k/r
SC max {dpfvar;[O,T] (y’m ym) maX{ 17 dpfvar;[O,T] (O, ym)N_l}a dpfvar;[O,T] (yna ym)N}
and thus
‘ \/dx%k - /dw?ibk S C/dpfvar;[O,T} (yn7 ym)
£—var,[0,T]
This is the estimate we were looking for. U

Conversely, any p-rough path admits at least one lift as a geometric p-rough path.

Proposition 8.10. Let x € C;~"*" ([0, T],R%) be a p-rough path. There exists a geometric
p-rough path y € QGP ([0, T],RY) such that the projection of y onto R? is x.

ProoF. Consider a sequence z,, € C;~"*" ([0, T], R%) such that x,, — x in p-variation
and such that for every € > 0, there exists N > 0 such that for m,n > N,

1/j
/ dx®7 — / dx®i

7]

2

Jj=1

<e.
gf'uar,[O,T]
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We claim that y,, S (z,,) is a sequence that converges in p-variation to some y € QG?([0,T],R?)
such that the projection of i onto R? is x. Let us consider the control

[p] j 1/j P
w(s,t) = Zj:l Hfdl‘%@] fdx®ij.—var 1] + (dp—var;[s,t] (0, 9m) >p
e l/J d . .
ngil Hf d(L’@J f A i H P —var,[0,T pfvar,[O,T}(O, ym)
We have

d (yn(s) " 'yn(t) ym(S)lym(t))> .
dp—var; ny Ym) < su - w(0,T /p

P (0,77 (Yn> Ym) (0§5§$§T (s, t)l/P ( )

and argue as above to get, thanks to the ball-box theorem, an estimate like
1/N

dp—var;[O,T](yna ym) < C d[L‘S?] - dmf‘?z]

?—var,[O,T]
U

In general, we stress that there may be several geometric rough paths with the same
projection onto R?. The following proposition is useful to prove that a given path is a
geometric rough path.

Proposition 8.11. If ¢ < p, then C{ """ ([0, T], Gy, (R?)) € QGP([0, T], R?).

PROOF. As in Euclidean case, it is not difficult to prove that z € QGP([0,T], R?) if
and only if

n—1

lim sup d(x(ty), x(t P =0,
=0 11eAs,1, n<az (olti), 2ltrr)

which is easy to check when z € C§ """ ([0, T], G (R?)). O

If y € QGP([0, T],R%), then as we just saw, the projection x of y onto R? is a p-rough
path and we can write

This is a convenient way to write geometric rough paths that we will often use in the
sequel. For N > [p] we can then define the lift of y in QG ([0, T],R?) as:

Sy —1+Z/

The following result is then easy to prove by using the previous results.

Ak[0,1]

Proposition 8.12. Let p > 1 and N > [p|. There exist constants Cy,Cy > 0 such that
for every y € QGP([0, T], R?),

||y||p—var,[0,T] < ||SN(y)||p—var;[0,T] < C2||y||p—van[0,T]'
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9. The Brownian motion as a rough path

It is now time to give a fundamental example of rough path: The Brownian motion.
As we are going to see, a Brownian motion is a p-rough path for any 2 < p < 3.
We first remind the following basic definition.

Definition 9.1. Let (2, F,P) be a probability space. A continuous d-dimensional process
(Bt)i>0 is called a standard Brownian motion if it is a Gaussian process with mean function

m(t) =0
and covariance function
R(s,t) = E(Bs ® B;) = min(s, t)1,.

For a Brownian motion (B;);>¢, the following properties are easy to check:
(1) By =0 as.;
(2) For any h > 0, the process (By1n — Bp)i>o is a standard Brownian motion;
(3) For any t > s > 0, the random variable B; — By is independent of the o-algebra
0(By,u < s).
(4) For every ¢ > 0, the process (B );>o has the same law as the process (v/¢By);>o.
An easy computation shows that forn > 0 and 0 < s < t:

E (|| B, — B,|*") = %(t — ).

Therefore, as a consequence of the Kolmogorov continuity theorem, for any 7" > 0 and
0c < 1/2, there exists a finite random variable Cr. such that for 0 < s <t < T,

|B; — By|| < Cr.|t — s>
We deduce in particular that for any p > 2, we have almost surely
| B|p—var,jo,1] < +00.
We now prove that for 1 < p < 2, we have almost surely
||B||p—var,[0,T] = +o00.
In the sequel, if
A0, ] ={0=t2 <th < .. <t =t}
is a subdivision of the time interval [0, t], we denote by
| AL[0,¢] |= max{| t;,, =ty |,k=0,...,n =1},
the mesh of this subdivision.

Proposition 9.2. Let (By)i>0 be a standard Brownian motion. Let t > 0. For every
sequence A,[0,t] of subdivisions such that

lim | A[0,4] |= 0,

n—-4o00
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the following convergence takes place in L* (and thus in probability),

n
lim S HBtn — By
n——+o0o — k k—1

As a consequence, if 1 < p < 2, for every T > 0, almost surely,

2
=t.

||BHp—var,[0,T} = 400.

ProOF. We prove the result in dimension 1 and let the reader adapt it to the multi-
dimensional setting. Let us denote

n 2
V=), (Btz - Bt&l)
k=1

Thanks to the stationarity and the independence of Brownian increments, we have:

E (Vo —1)%) =E(V,}) — 2tE(V,,) + ¢

n 2 2
=38 ((-By) (B -Ba)) -1

J,k=1

i

n

4 2 2
E ((Bt? - By ) ) +2 Y E ((Bt;; ~ By ) (By - By ) ) _p

I
NE

k=1 1<j<k<n
=D (=G )’E(B) +2 ) (8 — )t —ti) 1t
k=1 1<j<k<n
= 32@? - t?—1)2 + 2 Z (t? - t?_l)(tZ — 1) — t?
k=1 1<j<k<n

3 |l

=2 (tk — Z—l)Q
k=1
<2t | AL]0,t] [ nsteo O.

Let us now prove that, as a consequence of this convergence, the paths of the process
(By)t>0 almost surely have an infinite p-variation on the time interval [0,¢] if 1 < p < 2.
Reasoning by absurd, let us assume that ||B|[,—varoyg < M. From the above result,
since the convergence in probability implies the existence of an almost surely convergent
subsequence, we can find a sequence of subdivisions A, [0, ] whose mesh tends to 0 and
such that almost surely,

n

2
3 (5 )

We get then

n

2
2_
(Bt;z - Btzfl) <M? sup | By — Bi [P P=nia 0,
1 1<k<n
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which is clearly absurd. U
Therefore only the case p = 2 is let open. It is actually possible to prove that:
Proposition 9.3. For every T' > 0, we have almost surely
| Bll2—var,jo,r) = +00.
PROOF. See the book by Friz-Victoir page 381. O

In the previous Lecture we proved that Brownian motion paths almost surely have a
bounded p-variation for every p > 2. In this lecture, we are going to prove that they even
almost surely are p-rough paths for 2 < p < 3. To prove this, we need to construct a
geometric p rough path over the Brownian motion, that is we need to lift the Brownian
motion to the free nilpotent Lie group of step 2, Go(R?). In this process, we will have to
define the iterated integrals [ dB®? = [ B ® dB. This can be done by using the theory
of stochastic integrals. Indeed, it is well known (and easy to prove !) that if

A0t ={0=1t) <t} <..<t)=t}

is a subdivision of the time interval [0, ¢] whose mesh goes to 0, then the Riemann sums

n—1
> By ®(By,, — By)
k=0

converge in probability to a random variable denoted fot By ® dB;. We can then prove
that the stochastic process fot B, ®dB, admits a continuous version which is a martingale.
With this integral of B against itself in hands, we can now proceed to construct a canonical
geometric rough path over B.

Let d > 2 and denote AS, the space of d x d skew-symmetric matrices. We can realize
the group G,(R?) in the following way

G2(RY) = (R? x AS4, ®)
where ® is the group law defined by
1
(al,wl) ® (OZQ,WQ) = (Ckl + a9, W1 + Wa + 50&1 A 042).

Here we use the following notation; if ay, ap € R?, then oy Acry denotes the skew-symmetric
matrix (ajaj — a{aé)ij. Notice that the dilation writes
(9.1) ¢ (a,w) = (ca, Fw).
Remark 9.4. If z : [0, +00) — R? is a continuous path with bounded variation then for

0 < t; <ty we denote

o 1 1 2 2
A[tlvtﬂm - (th T Ty Ty T Ty S[tlvtﬂx) )

where Sy, 1, is the area swept out by the vector x, x; during the time interval [t,1s].
Then, it is easily checked that for 0 < t; <ty < t3,

A[thtg]'r = A[tl,tﬂx ® A[t2,t3]x7
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where ® is precisely the law of Go(R?), i.e. for (x1,y1,21), (T2, Y2, 22) € R3,

1
(1,1, 21) ® (22, Y2, 22) = (asl ta ittty (1y2 — $2?J1)> -

We now are in position to give the fundamental definition.

Definition 9.5. The process

1 t o
B, = | B, = (/ B.dB! — BgdB;) , t>0.
2 0 1<i,j<d

is called the lift of the Brownian motion (By)i>o in the group Go(R?).

Interestingly, it turns out that the lift of a Brownian motion is a Markov process.
Indeed, consider the vector fields

0 1 -0 1 0
D, = - | — J — — — Il—— 1< <
i@ =g+ 2;x G "3 2 g 1SS,

j>t

defined on R? x AS,. It is easy to check that:
(1) For z € R? x AS,,

[Di, Dj](x) =

(2) For z € R? x ASy,
[[Di, Dj], Di](x) =0, 1 <4,5,k < d;
(3) The vector fields
(D,», [Dj7 Dk]>l§i§d,1§j<k§d
are invariant with respect to the left action of Gy(R?) on itself and form a basis
of the Lie algebra go(R?) of Gy(RY).
The process (B;);>¢ solves the stochastic differential equation

d
dB, =) D;(B,)odB. 0<t<T.
i=1
and as such, is a diffusion process in R? x AS,; whose generator is the subelliptic diffusion
operator given by

d
a - L _ i\2 7 2
2 i=1 O(z')? i 2 Z (I Ox v 8xi) oxhi * 8 ij ((z")" + (/) )a(xi,j)Q'

1<j

Finally, also observe that we have the following scaling property, for every ¢ > 0,
(Bct)tzo =t (\/E ) Bt)tzo‘

Before we turn to the fundamental result of this Lecture, we need the following result
which is known as the Garsia-Rodemich-Rumsey inequality (see the proof page 573 in the
book by Friz-Victoir):
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Lemma 9.6. Let (X,d) be a metric space and x : [0,T] — E be a continuous path. Let
q>1and a € (1/q,1). There exists a constant C = C(«, q) such that:

_ d(x(u), z(v))?
q ag—1 NN N
d(z(s), z(t))? < Ot — s /[Sﬂ2 PRy dudv.
Theorem 9.7. The paths of (By)i>o are almost surely geometric p-rough paths for 2 <

p < 3. As a consequence, the Brownian motion paths almost surely are p-rough paths for
2<p<3. Letq>1.

Proor. We know that if ¢ < p, then C§ "([0,T],G(R?) C QGP([0,T],R?).
Therefore, we need to prove that for 2 < p < 3, the paths of (B;);>¢ almost surely have
bounded p-variation with respect to the Carnot-Carathéodory distance. From the scaling
property of (Bi);>0 and of the Carnot-Carathéodory distance, we have in distribution

d(B,,B,) =% vt — sd(0,B,).
Moreover, from the equivalence of homogeneous norms, we have
1/2

1
d(0,By) ~ || By + H/ B ®dB
0

It easily follows from that, that for every ¢ > 1,

d(B,,By)?\ q o
E (—(t—S)Q/2 > =E (d(0,B;)?) < +o0.

Thus, from Fubini’s theorem we obtain

q
E (/ Mdudv) < +o00.
[

0,772 |u — v[2/2

The Garsia-Rodemich-Rumsey inequality implies then

q
ﬂB&nggcﬁ_SW%J/‘ d(B,,B,)*

dudv.
o7 |u—v[1? e

Therefore, the paths of (B;):>o almost surely have bounded p-variation for p > 2. U



CHAPTER 5

Rough differential equations

In this chapter, we now study differential equations.

1. Davie’s estimate

In this Lecture, we prove one of the fundamental estimates of rough paths theory. This
estimate is due to Davie. It provides a basic estimate for the solution of the differential
equation

) =00+ Y [ Vi)'

in terms of the p-variation of the lift of x in the free Carnot group of step [p].
We first introduce the somehow minimal regularity requirement on the vector fields
V;’s to study rough differential equations.

Definition 1.1. A vector field V on R™ is called v-Lipschitz if it is [y] times continuously
differentiable and there exists a constant M > 0 such that the supremum norm of its kth
deriwatives k = 0,--- | [v] and the v — [y] Hélder norm of its [y|th derivative are bounded
by M. The smallest M that satisfies the above condition is the v-Lipschitz norm of V' and
will be denoted ||V|| iy

The fundamental estimate by Davie is the following;

Theorem 1.2. Let vy > p > 1. Assume that Vy,--- Vg are (v — 1)-Lipschitz vector fields
in R". Let x € C17([0,T],R%). Let y be the solution of the equation

d t
o) =y + Y [ VitseDars). o<i<T
i=1 70
There exists a constant C depending only on p and ~ such that for every 0 < s <t < T,

1Wllp—cariot < C (IV g 1Sp1@)p-vargssn + 1V I IS @ o)
where Spy(z) is the lift of x in Gp(RY).
We start with two preliminary lemmas, the first one being interesting in itself.

Lemma 1.3. Let vy > 1. Assume that Vy,--- ,Vy are (v —1)-Lipschitz vector fields in R™.
Let x € C'77([s,t],RY). Let y be the solution of the equation

v0) =36+ Y [ Vilwtds'tu), s <<t

65
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There exists a constant C' depending only on ~ such that,

[ t gl
w0 -u0 =Y X Vvt [ e <0 (Wi [ael)

k=11, jipe{l,,d}
where I is the identity map.

PROOF. For notational simplicity, we denote n = [y]. An iterative use of the change
of variable formula leads to

y(t) —y(s) — Z Z Vi, - Vi I(y(s)) /M[ t] di i

k=1 1;1’.‘. ’ike{]_,‘.. ,d}
=/ Yo Vi Vi Iy(r)) = Vi - Vi, Xy(s))da, - - - dajy.
s<r1<--<rp<t i1, in€{1, ,d}
Since Vi, -+, Vy are (v — 1)-Lipschitz, we deduce that
Vi - Vi, X(y(r1)) = Vi -+ Vi, Iy ()| < VT [ly(re) —y(s)7™
Since,

T1
L) — g < IVl / e |,

we deduce that

Vi VeTly(ri) = Vi VT < W ([ lal)

The result follows then easily by plugging this estimate into the integral

/ (Vi Vi T(y(ra)) = Vi -+ Vi, X))y - ey
§<r1 < <1<t
U

The second lemma is an analogue of a result already used in previous lectures (Young-
Loeve estimate, estimates on iterated integrals).

Lemma 1.4. Let ' : {0 < s <t <T} — R". Let us assume that:
(1) There exists a control & such that

lim sup I =
=0 (s,t)elw(s,t)<r r

(2) There exists a control w and 0 > 1,§ > 0, K > 0,a > 0 such that for 0 < s <
t<u<sT,

ITsull < (s ell + [ITeull + €0 (s,u)?) exp(Kw(s, 1)*).
Then, for all0 < s <t < T,

0;

3 2K o
ITsell < mw(saf)eexp T Q_QW(S;U) :
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PRroOOF. For € > 0, consider then the control
we(s,t) = w(s,t) +ew

Define now
U(r) = sup ||l

$,u,we (8,u)<r
If s,u is such that w.(s,u) < r, we can find a ¢ such that w.(s,t) < fw.(s,u), w.(t, u)
Lwe(s,u). Indeed, the continuity of w. forces the existence of a t such that w.(s,t)

[ IA

2
we(t,u). We obtain therefore

ITsull < (29(r/2) + &%) exp(Kr),
which implies by maximization,
U(r) < (20(r/2) + &) exp(Kr).

We have lim,_, @ = (0 and an iteration easily gives

3 0 2K
U(r) < T gre” P\ o= )

£ 2K a
ITsell < WWE(SJ)HGXP T 2_aws(87u) )

and the result follows by letting ¢ — 0. (|

We deduce

We now turn to the proof of Davie’s estimate. We follow the approach by Friz-Victoir
who smartly use interpolations by geodesics in Carnot groups.

Theorem 1.5. Let v > p > 1. Assume that Vi, -+, Vy are (v — 1)-Lipschitz vector fields
in R™. Let x € C17vo([0,T],R%). Lety be the solution of the equation

d t
v0) =90+ > [ Vig(s)ds'(s), 0<e<T
i=1 V0
There exists a constant C' depending only on p and v such that for every 0 < s <t < T,
[9llp-sarist < € (IV i IS0 st + IV s 153 )
where Spy)(x) is the lift of x in Gp(RY).

PROOF. For s < t, we denote by 2% a path in C* =" ([s, t], R?) such that Sp,j(z**)(s) =
Sy (x)(s), Sp(x®*)(t) = Sp(x)(t) and Spy(z*)(u), s < u < t, is a geodesic for the
Carnot-Carathéodory distance. We consider then 3%! to be the solution of the equation

yhw) = )+ / VN ), s <u<t

We can readily observe that from the continuity of Lyons’ lift:
Hxs’tHlfvar,[S,t] = d(S['y] (z)(s), St (z)(t)) < HS['y](m)”p*vaT,[s,t} < K”S[p](w)”pfvar,[&t}'
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Let us now denote

Tor = (y(t) —y(s)) = (¥>'(t) — y>'(s)).
For fixed s <t < u, we have then:
Do = Doy = Do = (¥"(s) —y™" () — (47" (s) —y™' (1)) — (™" () — y"" (w).

To estimate this quantity, we consider the path y***(v), s < v < u, that solves the ordi-
nary differential equation driven by the concatenation of x*! and z*. We first estimate
y5" (u) —y*“(u) by observing that y*%“(u) and y**(u) have the same Taylor expansion up
to order [y]. Thus by using the lemma of the previous lecture and the triangle inequality,
we easily get that:

t u Y
Hys,t,u(u) - yé’:u(u)H < ClHVHzip'V_l (/ ”d%s’t(T)H _|_/ Hdl’t’u<7")”)
s t
< Gol VI o 1S (@)1

p—var, [S,’U,] ’

We then estimate (y*"*(u) —y*""(s)) + (y*>*(s) —y**(t)) + (y"*(t) — y"*“(u)) by observing
that y*5"(s) = y®'(s), y>"“(t) = y>'(¢t). Thus,

(™" () = y™""(s) + (y™"(s) =y (1) + (" () — y""(u))
=" () —y™""(1) — (¥ () — y""(1)

This last term is estimated by using basic continuity estimates with respect to the initial
condition which gives

1™ () = y™""(8) = (" (w) =y (1))
Sllys’t’“(t)—yt’“(t)llllVllLipwl/t ldz" (r) ]| exp (HVHLip“fl/t IIdet’“(T)H)

<Cs[|Ts 111V [l 1St (2) | p—var ) €D (CsllV iy 115 (2) | p—varftu) )
We conclude
D — Dot — Tl < Cowl(s, u)V/p + Cs| T || w(t, u)l/p exp (ng(t, u)l/p) ,

where
W(Sat) = (HVHLipV*l||S[p](x)||p—var,[s,t])p-
The basic inequality 1 + ze* < e** combined with the triangle inequality gives:

ITsull < el + ITsell exp (2C5w(s, u)'/P) + Cow(s, u)/”
< (HFtuH + || Tzl + ng(s,u)wp) exp (2ng(s,u)1/p) )

We are now in position to apply the lemma of the previous lecture (we let the reader
check that the assumptions are satisfied). We deduce then

ITs.]| < Caw(s, t)"P exp (C4w(s,t)1/p) )
We now keep in mind that
Lo = (y(t) —y(s)) — (y™'(t) — y™'(s)),
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and y*'(t) — y*'(s) can be estimated by using basic estimates on differential equations:

t
nw%w—w%@HSOﬂvmwl/Wwfwwu

< Cow(s, t)V?.
From the triangle inequality, we conclude then:
ly(s) = y(®)l < Cow(s, )7 + Cyeo(s, 8)77 exp (Caw (s, 1)7) |
In particular we have for s, ¢ such that w(s,t) <1,
ly(s) =yl < Croo(s, ).

This easily gives the required estimate (see Proposition 5.10 in the book by Friz-Victoir).
OJ

We can remark that the proof actually also provided the following estimate which is
interesting in itself:

Proposition 1.6. Let v > p > 1. Assume that Vy,--- ,Vy are (v — 1)-Lipschitz vector
fields in R™. Let x € C*=**([0,T],R%). Let y be the solution of the equation

ywﬂM+ZKWWWﬂ$OSKT

There exists a constant C' depending only on p and v such that for every 0 < s <t < T,

v

TORFOED DD SIS RN A VO ST e[ BT

k=1 i1, ixe{l, d}
2. The Lyons’ continuity theorem

We are now ready to state the main theorem of rough paths theory: the continuity of
solutions of differential equations with respect to the driving path.

Theorem 2.1. Let v > p > 1. Assume that Vi,--- ,Vy are y-Lipschitz vector fields in
R". Let 1,25 € C*([0,T],RY) such that

15t (T - var o7 + 151 (@25 var o) < K
with K > 0. Let y1,ys be the solutions of the equations

W) =y + Y [ Vi), 0T i=1.2

There exists a constant C' depending only on p,~v and K such that for 0 < s <t < T,
1(2() =y2(5)) = (1 () =g (NI < CUV [l € Ve dyy - f0,19(Spy (1), Spy (w2) (s, £) /7,

where w 18 the control

w(s t) _ (dp—var,[sﬂ(s[p] ($1)7 SM(I’Q)) >p+( ||S[p]($1)||p—var,[s,t] )p+< “SM (Z'Q)Hp—var,[sﬂ )p
’ dp—varifo.1 (S} (71), Sy (42)) 1951 (1) [ p—varfo,r) 1551 (#2) [l p—var.jor)




70 5. ROUGH DIFFERENTIAL EQUATIONS

The proof will take us some time and will be preceeded by several lemmas. We can
however already give the following important corollaries:

Corollary 2.2 (Lyon’s continuity theorem). Let v > p > 1. Assume that Vy,--- ,Vy are
v-Lipschitz vector fields in R"™. Let xy,xo € C*7°%([0,T],R?) such that

”S[P] (ml)Hi—va'r,[O,T] + HS[P]<:C2)”2—’U(J,T,[O,T] <K
with K > 0. Let y1,ys be the solutions of the equations

d ot
0+ [Viwnade), osisT i1
j=1

There exists a constant C' depending only on p,~v and K such that for 0 < s <t < T,
cve.
||?J2 - yal—var,[o,T] < C||v||Lip7€ llV”Lde—var,[o,T](S[p} (961), S[p] (fz))

This continuity statement immediately suggests the following basic definition for so-
lutions of differential equation driven by p-rough paths.

Theorem 2.3. Let p > 1. Let x € QGP([0,T],R?) be a geometric p-rough path over the
p-rough path x. Assume that Vi,--- Vg are vy-Lipschitz vector fields in R™ with v > p.
If x, € C'77([0,T], G (RY)) is a sequence that converges to x in p-variation, then the
solution of the equation

) =0)+ 3 [ Vin(o)del(s), 0<e<T

converges in p-variation to some y € CP~([0,T],R?) that does not depend on the choice

of the approximating sequence X, and that we call a solution of the rough differential
equation:

+Z/ Nda'(s), 0<t<T.

The following propositions are easily obtained by a limiting argument:

Proposition 2.4 (Davie’s estimate for rough differential equations). Let vy > p > 1. Let
x € QGP([0,T],R%) be a geometric p-rough path over the p-rough path x. Assume that
Vi, -+, Vy are y-Lipschitz vector fields in R™. Lety be the solution of the rough differential
equation

0) + Z/Ot‘/;(y(s))dwi(s), 0<i<T

There exists a constant C depending only on p and ~y such that for every 0 < s <t < T,

1Wllp-sariois < C (IV 1 it 1Ky gy + IV o s 1K1 )
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Proposition 2.5. Let v > p > 1. Let x € QGP([0,T],R?) be a geometric p-rough path
over the p-rough path . Assume that Vy,--- Vg are y-Lipschitz vector fields in R™. Let
y be the solution of the rough differential equation

y@ﬂ@+ZAWWWﬂ$0§KT

There exists a constant C' depending only on p and v such that for every 0 < s <t < T,

v

y(t) - y(s) - Z Z ‘/z'l T ‘/ZkI(y(s)) /Ak[ . dxihm’ik < CHVHZz‘p’Fl ||X||;—var,[s,t}

k=11, ig€{l, d}

We now turn to the proof of the continuity theorem. We start with several lemmas,
which are not difficult but a little technical. The first one is geometrically very intuitive.

Lemma 2.6. Let g1, go € Gn(RY) such that d(g1, g2) < € withe > 0 and d(0, g1), d(0, go) <
K with K > 0. Then, there exists x1, 715 € C17%([0,1],R%) and a constant C = C(N, K)
such that Sy(x)(1) = Sy (x)(0)g;, i = 1,2 and

|21 |l1—var,jo,1] + || Z2/li—varjo; < C
and
|1 — 22ll1—var o) < €C.

PROOF. See the book by Friz-Victoir, page 161. U
The next ingredient is the following estimate.

Lemma 2.7. Let v > 1. Assume that Vi, --- Vg are y-Lipschitz vector fields in R™. Let
T1, T, Tg, To € C170([0, T, RY) such that

Sp (@ )(T) = Sy (21 )(T), Sy (22)(T) = Sy (22)(T).
Let y1, Y2, 91, Yo be the solutions of the equations

d ¢
vi(t) :yi(0>+2/0 Vi(yi(s))dal(s), 0<t<T, i=12

and .
t
W0 =)+ Y [ ViaE)ade. 0<e<T i1z
j=1"0
If
Z1]|1=varfo,r) + |1 |1=var 0,71 + | T2 1=var 0,1 + [|Z2]l1—varjo,r] < K
and

|21 — T2l 1—var o, + |21 — Zall1—varjo,r) < M,
then, for some constant depending only on v,

(v (T) = 91(T)) = (vo(T) — G2(T))|
<Cly1(0) = g2 (O)[[ (V| i 1) €NV Neio B o OV || i ([[V || i ) 7TV 77 K
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PROOF. Let us first observe that it is enough to prove the result when 7, = 7, = 0.
Indeed, suppose that we can prove the result in that case. Define then the path z to be
the concatenation of Z;(T — -) and x;(-) reparametrized so that z : [0, 7] — R?. It is seen
that the solution of the equation

— 1)+ Y / Vi(w(s)dz(s), 0<t<T

satisfies
w(T) = w(0) = y1(T) — 4u(T).
We thus assume that £, = 25 = 0. In that case, from the assumption, we have

Taylor’s expansion gives then, with n = [],

(D)= = | > Ve VL) =V - Vil (s))dat, - da,,
SSTISSTRSty el d)
and similarly

(D)) = | > Wi VTlaalr) Ve Vi)l - day,
s<r1 <--<pr, <t

SV ine{l, d}

The result is then easily obtained by using classical estimates for Riemann-Stieltjes inte-
grals (details can be found page 230 in the book by Friz-Victoir). O

Finally, the last lemma is an easy consequence of Gronwall’s lemma

Lemma 2.8. Let v > 1. Assume that Vi, --- , Vg are y-Lipschitz vector fields in R™. Let
x1, 79 € C170([0,T],RY). Let y1, o, 71, 72 be the solutions of the equations

t .
u®) =)+ Y [ Vi(e)ddl(s), 0<e<T i=10
j=1 "0
and
d t
3i(t) = 5:(0) +Z/ Vi(s(s))dal(s), 0<t<T, i=12
j=1"0
If
121 ]11—var, 0,11 + [|Z2][1—varjo,r) < K
and

Hxl - x2H1—var,[0,T] < M,

then, for some constant depending only on v,
11 (T) = 41(0)) = (12(T") = 51(0)) = (52(T) — 92(0)) + (52(T) — %2(0))]]
<C|V | igr K e M7y, (0) = §1(0) = y2(0) + Ga ()| + CIIV || piger MV o
+ OV ||z KM 27 ([l (0) = g1 (0) ] + [ly2(0) = G2(0) )™ A0 ([[g(0) = F*O)| + |V || i K)
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PROOF. See the book by Friz-Victoir page 232. O
We now turn to the proof of the Lyons’ continuity theorem.

Theorem 2.9. Let v > p > 1. Assume that Vi,--- ,Vy are y-Lipschitz vector fields in
R". Let 1,25 € C*([0,T],RY) such that

||S[P] (xl)“g—fuar,[O,T] + ||S[P] (xQ)H]I;—var,[O,T] S K
with K > 0. Let y1,ys be the solutions of the equations

W) =y + Y [ Vi), 0T i=12

There exists a constant C' depending only on p,vy and K such that for 0 < s <t <T,
[ 2(8) =92(5) = (1) =91 (DI < CUV i€ V5 o 11 (S (1), Sl (2)Jw (5, )77,

where w 1s the control

A dpvars0 (S (1), Sy (22)) \* . ( Sp (@) lp—varisg N7 ( 1Sw1(@2) lp-varisa \"
w(s, t) - + + .
dp—varsjo,11(Spp) (1), Sty (72) 1S (1) || p—var 0,17 1S (22) | p—var, 0.1

PROOF. We may assume p < v < [p] + 1, and for conciseness of notations, we set
= dp_wr,[()j](s[p} (1’1), S[p] (.TQ)) Let

9i=A__1__(Sy(:)(s) " Spy(@i)(1), i=1,2.

w(s,t)l/P
We have,
1 - p—
d(g1,92) = Wd(s[p](ail)(S) 1S[p](:c1)(t), Sl () (5) IS[p](JJQ)(t))
1
S de—var,[s,t](s[p] («Tl), S[p] (1‘2))
<e
and, in the same way,
1
400.91) = 575 S (@i)(5), S (i) (1))
1
= G e 5@ loverien < K.

Therefore, there exists ], x5" € C'=*"([s,#],R%) and a constant C; = Cy([p], K)
such that

S ()™ S (5)(8) = i) () Sy ) (1)1 = 1,2
and
25 [ 1—var, s + 125" 1—vargs.g < Crw(s, £)M/?
and
25" — 25 1 —var s < £Che(s, B)V7.
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We define then " as the concatenation of 27" and 2. As in the proof of Davie's

lemma, we denote by y; ' the solution of the equation

d r
ywwWw+Z/W@%wmwssmaizm
j=17s

and consider the functionals

Toe = (i) = wi()) = (47" (1) — 47" () = walt) — "' (1),
and
1;S,t = F;t - F?,t
From the proof of Davie’s estimate, it is seen that

; 1 [p]+1
[T < 502 (IV [[Liprw(s, t)'/7) ;

and thus

_ +1
ITuell < Co (IV llapreo(s, 7).

On the other hand, by estimating
f‘s,u - f‘s,t - ft,uu

as in the proof of Davie’s lemma, that is by inserting y*** which is the solution of the
equation driven by the concatenation of " and 2!, and then by using the two lemmas
of the previous lecture, we obtain the estimate

< Hf\s’tH€C3HVHLip’YW(S,U)1/P 1 Hl:‘tuH + Cs(lyr — vallsofor +€) ("V’|Lip7w(sa u)l/p)'Y O3V llLipyw(s,u) /P
< (Iall + WPl + Colllyn = volloe o + &) (IV lligo(s, ) 77) 7 ) eColV st
It remains to bound ||y; — y2||oe,js,4- For this let us observe that

1(y2 () = w2(t) = (ya(s) = w2(5)) = Dl = 13" () — 93" () = (91" (5) — " (5))].

(3" (8) — 3" (1) — (¥ (s) — 5" (s))|| can then be estimated by using classical estimates
on differential equations driven by bounded variation paths. This gives,

s s s s 4 Linyw(s,t)t/P
17 () =" (0) = (1" () =w3" ()| < Ca (llya(s) = ya(s)l| + &) [V Lo (s, 1) /Pl im0,

By denoting z = y; — y2, we can summarize the two above estimates as follows:

T T iyw(s,u)t/
< (ITuall + ITuall + Calllzlloc o + &) (IVlluipreo(s, w)/7) ) eColl st

s

Vs

and
12(t) = 2(s) = Toll < Ca (2l o, + &) IV I[Lipre (s, £)1/PeCallV gy (s:0)'7
From a lemma already used in the proof of Davie’s estimate, the first estimate implies

ITsull < Cs (e + 12 lloe,om) (IV llipreo(s, 1)!77) 7 eIV a7,
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Using now the second estimate we obtain that for any interval [a, b] included in [0, T,
sup [12(t) — 2(5)]| < Cole + Iolloe o) [V llipreo(a, by VPeColV @) s
s,t€[a,b]

Using the fact that z(0) = 0 and picking a subdivision 0 = 70 <73 < -+ < 7y < T such
that
Co|V [[uipre Ve, 7i0) VP < 1/2
we see that it implies
12 ]lcoo.1] < CreeCIVILi
Coming back to the estimate
Jup I2(t) = 2(s)|| < Co(z + [|2lloo o) |V l|Liprew(a, b)/PeCellVInimm (bl

concludes the proof. O






CHAPTER 6

Applications to stochastic differential equations

This chapter is devoted to simple but spectacular applications of rough paths theory
to stochastic differential equations.

1. Approximation of the Brownian rough path

Our goal in the next two lectures will be to prove that rough differential equations
driven a Brownian motion seen as a p-rough path, 2 < p < 3 are nothing else but
stochastic differential equations understood in the Stratonovitch sense. The proof of this
fact requires an explicit approximation of the Brownian rough path in the rough path
topology which is interesting in itself.

Let (By)i>0 be a n-dimensional Brownian motion and let us denote by

1 o o
B, = | B, - </ BdB! — BgdB;)
2 0 1<i<j<n

its lift in the free Carnot group of step 2 over R

Let us work on a fixed interval [0,7] and consider a sequence D,, of subdivisions of
[0,T] such that D, ,1 C D, and whose mesh goes to 0 when n — +o00. An example is
given by the sequence of dyadic subdivisions. The family F,, = o(By;,t € D,,) is then a
filtration, that is an increasing family of o-fields. We denote by B™ the piecewise linear
process which is obtained from B by interpolation along the subdivision D,,, that is for
<t <tn

419
n n
n __ ti—i—l —t B t— tz
—_— ———m—— t t .
t VORI o gm Tt
i+1 A i+1 i

The corresponding lifted process is then

1 t , , . .
B} = (Bf, 5 ( / BM'dB! — B;WdBQ’) ) .
0 1<i<j<n

The main result of the lecture is the following:
Theorem 1.1. Let 2 < p < 3. When n — 400, almost surely, dp,wn[()’T](B", B) — 0.
We split the proof in two lemmas.

Lemma 1.2. Let t € [0,7]. When n — 400, almost surely, d(B},B;) — 0.

7
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Proor. We first observe that, due to the Markov property of Brownian motion, we
have for ¢ <t <7,
E(B,| F,) =E (Bt | B, Bt;m) |
It is then an easy exercise to check that

th o —t t—t
E (Bt | Bt%Btﬂ“> = — B, +——B,
o tiy — 4

_ — B,
iy — 8

As a conclusion, we get

It immediately follows that B — B; when n — +o00. In the same way, we have
t t
E (/ B!dB! — B!dB! | ]—“n) = / BM'dB! — B™dBM.
0 0

Indeed, for 0 < t < T and ¢ small enough, we have by independence of B* and B/,
E (Bi(Bly. — Bl) | Fu) =E (B | F.) E (B, — BY) | Fa) = B (B, — B}"),

and we conclude using the fact that Itd’s integral is a limit in L? of Riemann sums. It
follows that, almost surely,
t

t
lim [ BMdBM™ — BMdB™ = / BldB! — BIdB,
0

n—oo 0

and we conclude that almost surely, d(B}', B;) — 0. U
The second lemma is a uniform Holder estimate for B".

Lemma 1.3. For every o € [0,1/2), there exists a finite random variable K that belongs
to LP for every p > 1 and such that for every 0 < s <t <T, and everyn > 1,

d(B",B}) < K|t — s|°.

PROOF. By using the theorem of equivalence of norms, we see that there is a constant

C such that
1 /2)

From the Garsia-Rodemich-Rumsey inequality, we know that there is a finite random
variable K ( that belongs to L? for every p > 1), such that for every 0 < s <t < T,

t
[ Byt prapy - By - sy

d(B",B}) < C (IIB? —Br+ Y

1<j

t
[ (BL - BhaB; - (5] - BB < Kt - o

Since

t t
E (/ (B, — BY)dB), — (B}, — Bl)dB, | Fn) = / (By' = B{")dB, — (B} — Bi)dBy",
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we deduce that

t
[ B = BBy (B - BBy < Kalt - s

where K is a finite random variable that belongs to LP for every p > 1. Similarly, of
course, we have

1B — BY|| < Ksft — |7,
and this completes the proof. U

We are now in position to finish the proof that, almost surely, d,_yqr,[0,r)(B",B) = 0
if 2 < p < 3. Indeed, if ¢; is a subdivision of [0, 7], we have for 2 < p’ < p,

/

p p—p
d ((BZ)_IBZ+17 (Bti)_lBti-H) S dp’—var,[O,T](Bn7 B) (Sup d ((Bg)_lB?, (Bs>_1Bt))

s,t

3
—

B
Il

0

By using the second lemma, it is seen that dy_yar,[0,7] (B™, B) is bounded when n — oo and
by combining the first two lemmas we easily see that sup, , d (BZ)"'B}, (B;)"'B;) — 0.

2. Signature of the Brownian motion

Since a d-dimensional Brownian motion (B;)¢>o is a p-rough path for p > 2, we know
how to give a sense to the signature of the Brownian motion. In particular, the iterated
integrals at any order of the Brownian motion are well defined. It turns out that these iter-
ated integrals do not coincide with iterated [to’s integrals but with iterated Stratonovitch
integrals. We start with some reminders about Stratonovitch integration. Let (By):;>¢ be
a one dimensional Brownian motion defined on a filtered probability space (2, (F3)i>0, P).

Let (O4)o<t<r be a F adapted process such that E (fOT @?ds) < 4o00. The Stratonovitch
integral of © against B can be defined as the limit in probability of the sums

n—1
Om + O
k+1 k
SOt O, py),
k=0
where 0 =t <t} < ... <t =T is a sequence of subdivisions whose mesh goes to 0.

This limit is denoted fOT O, o dB, and does not depend on the choice of the subdivision.
It is an easy exercise to see that the relation between Itd’s integral and Stratonovitch’s is
given by:

T T 1
/ @sost:/ 0.dB, + ~(, By,
0 0 2

where (0, B)r is the quadratic covariation between © and B. If (B;);>o is d dimensional
Brownian motion, we can then inductively define the iterated Stratonovitch integrals
ngtlg...Stkgt odBy! - --odBi. The next theorem proves that the signature of the Brownian
rough path is given by multiple Stratonovitch integrals.
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Theorem 2.1. If (B;)i>o is a d-dimensional Brownian motion, the signature of B as a
rough path is the formal series:

S(B), =1+ Z/ od B®*

—1 v AF[0,1]

=1+ (/ OdB“---OdBik)Xil"'Xi,.
Z Z 0<t1 <. <t <t " & *

k=1 I1e{1,...,d}*

PROOF. Let us work on a fixed interval [0, 7] and consider a sequence D,, of subdivi-
sions of [0, T] such that D, C D,, and whose mesh goes to 0 when n — +o0. As in the
previous lecture, we denote by B" the piecewise linear process which is obtained from B
by interpolation along the subdivision D,, that is for ¢} <t <7,
ti —t t=t¢

n __ Tt
t; + tn _ tn tiJrl *
i+1 i

t T un n
ti+1_ti

We know from the previous lecture that B™ converges to B in the p-rough paths topology
2 < p < 3. In particular all the iterated integrals | AF[s.1] dB™®* converge. We claim that

actually,
lim dB™®F = / od B®*.
N0 J Ak, AF[0,1]

Let us denote
/ IB®* = lim dB™%k,
AF[s,t]

n—oo Ak[s,t]

We are going to prove by induction on k that [ ARs.] OB®k = [ AR5 odB®*. We have

T n—l 1
/ BQ@dB;‘:Z/ B! ® dB?
0 i=0 &y
nTlopthy s g s — 1 By — Byr
= Z/ ( Tz—H nBtf + n - nBt?-H) dS ® t;+l nt2
i t ti+1 - tz ti+1 - tz tiJrl - tz

(Bt?+1 - Bt?) ® (Bt?+1 + Bt?)

By taking the limit when ¢ — oo, we deduce therefore that fAQ[O 11 OB®? = [, 0.7] od B¥?
In the same way, we have for 0 < s <t < T, fAQ[S q 0B%? = fAQ[s i odB%?. Assume now
by induction, that for every 0 < s <t < T and 1 < j <k, fAk[S . 0B®k = fM[s q od B%F.

Let us denote
[y = / aBEk+1) _ / od BE*+D).
’ AF+1[s.¢] AR 1]

From the Chen’s relations, we immediately see that

Fs,u = Fs,t + Ft,u-
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Moreover, it is easy to estimate
E+1
P )

ITsell < Cw(s, 1)

where 2 < p < 3 and w(s,t) = ||B||p—var,[s,, B being the lift of B in the free Carnot group
of step 2. Indeed, the bound

k+1
P

/ OBEHFY < Chw(s,t) v,
AR (]

comes from the continuity of Lyons’ lift and the bound

k+1

/ odB®*+D < Chw(s,t) v ,
Ak+1[s¢]
easily comes from the Garsia-Rodemich-Rumsey inequality. As a conclusion, we deduce

that I's; = 0 which proves the induction. O

We finish this lecture by a very interesting probabilistic object, the expectation of the
Brownian signature. If

“+o0o
Y =yo+ Z Z TR, D, €3

k=1 1€{1,....d}F

is a random series, that is if the coefficients are real random variables defined on a prob-
ability space, we will denote

+o0
EY)=E@)+»_ >  Blay,..i)Xy. X,

k=1 I1e{1,...,d}*
as soon as the coefficients of Y are integrable, where E stands for the expectation.

Theorem 2.2. Fort >0,

d
E (&(B);) = exp (t (% Z Xf) ) .

PROOF. An easy computation shows that if Z, is the set of words with length n
obtained by all the possible concatenations of the words

{(1,1)}, ie{l,..,d},

E </ odBI) = 0;
A[0.4]
E </ odBf> -
Anfo, 23 (5)!

(1) If I ¢ Z,, then

(2) If I € T, then
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Therefore,
E
2

E (&( —1+ZZ E X

k= 1IEZk
1
= exp (t (52)(12)) .
i=1

3. Stochastic differential equations as rough differential equations

Based on the results of the previous Lecture, it should come as no surprise that differ-
ential equations driven by the Brownian rough path should correspond to Stratonovitch
differential equations. In this Lecture, we prove that it is indeed the case. Let us first re-
mind to the reader the following basic result about existence and uniqueness for solutions
of stochastic differential equations.

Let

(Bt)tZU = (Bt17 ey Bg)tZO

be a d-dimensional Brownian motion defined on some filtered probability space (€2, (F;)i>0, P).

Theorem 3.1. Assume that Vy,--- ,Vy are C? vector fields with bounded derivatives up
to order 2. Let xg € R". On (, (Fi)i>0, P), there exists a unique continuous and adapted
process (Xi)i>o such that fort >0,

(32) Xt—xo—i-Z/ V Ode

Thanks to [to’s formula the corresponding It6’s formulation is

X, =20+ = Z/vvM ds+Z/ L )dB:,

where for 1 <14 <d, Vy,V; is the vector field given by
[ o] 0
_1/2 _ k i n
Vv Vi) = ViL() = 3 (Z <x>8—%<x>) go T ER"
7j=1 k=1
The main result of the Lecture is the following:

Theorem 3.2. Let v > 2 and let Vy,---,Vy be vy-Lipschitz vector fields on R™. Let
xo € R". The solution of the rough differential equation

Xt—$0+Z/ dBZ
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s the solution of the Stratonovitch differential equation:
d ¢
X, = 0+ Z/ Vi(X,) o dB’.
i=1 V0

PROOF. Let us work on a fixed interval [0, 7] and consider a sequence D,, of subdivi-
sions of [0, T such that D,; C D, and whose mesh goes to 0 when n — +o0. As in the
previous lectures, we denote by B™ the piecewise linear process which is obtained from B
by interpolation along the subdivision D, that is for ¢} <t <7,

P —t t—t7
;L = nH_l nBtZL + n : nBt?Jrl'
tz‘-i—l - ti ti-i—l - ti

Let us then consider the process X,, that solves the equation
d t

XM =gz + Z/ Vi(X™) dB",
i=1 70

and the process X", which is piecewise linear and such that
d 1
X, =Xi+ D ViXp)(Byy | = Bip) + 5 > VAR (b4 — 1),
i=1 i=1
We can write
k

X, = K, = D (X, = X) = (K, = K).
v=0
Now,
~ ~ d
(Xip,, = Xip) = (X, — Xip) =(Xip,, = Xip) = > Vi(X3)(Bln, | — Biy)

=1

d
1 n n n
IS, - )
=1

From Davie’s estimate, we have, with 2 < p < v,

d , , d i , . )
(Xiz,, = Xg) = S VBB, — By) = > (WiD0ey) [ B0 = By
i=i i,j=1 t
§C||V||Lip771 ||SQ(Bn) ||;7var,[tﬁ7t;’j+1}
ny|
<CIVlzipr— 1 B" =g am,
SCd||‘/||L7:p’771 ||B||;/—1)a7‘7[t'1’}7t3+1]’
We deduce that, almost surely when n — oo,
k d . ' d tysr ‘ 4 .
(Xuz,, = Xg) = S VICXG)By,, — By) = > (WD) [ (B - BBy
v=0 i=i i,j=1 ty

— 0.
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On the other hand,

: n W n, n,1 n,j 1 ‘ 2 n n n
Z(W‘/jI)(Xt{,Z) . (By* — BBy’ — B Z ViL(XE) (th 0 — 1)
ij=1 v i=1

a i n,i n,t n,j 1 n n
<IVlear | [ (B2 = BB — Sz - 1)
z'j—l ty

AV 3 Byt = BBy~ Biy) = 8ty — )

1,j=1
We deduce that in probability,
k d thy . : 1Y
S| mvnoag) [ - BB - 53 VA, - )| o
v=0 ||i,j=1 125 i—1

We conclude that in probability,

X — X — 0.
k+1 k41
Up to an extraction of subsequence, we can assume that almost surely
X — X — 0.
k+1 k+1

We now know that from the Lyons’ continuity theorem, almost surely X;* — X; where
(X¢)tejo,r] is the solution of the rough differential equation

Xt—ﬂﬁo-i-Z/ dBl

Thus almost surely, we have that Xt" — X;. On the othe hand, by definition, we have

d d
7 " n i % 1 n n n
which easily implies that X™ converges in probability to zo + ZZ ; fo ) odB!. This
proves that

Xt—a:o+2/ )0 dB:.

4. The Stroock-Varadhan support theorem

To conclude this course, we are going to provide an elementary proof of the Stroock-
Varadhan support theorem. We first remind that the support of a random variable X
which defined on a metric space X is the smallest closed F' such that P(X € F') = 1. In
particular z € F' if and only if for every open ball B(z,¢), P(X € B(z,¢)) > 0.
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Let (Bi)o<i<r be a d-dimensional Brownian motion. We can see B as a random
variable that takes its values in CP~*%" ([0, T], R%), p > 2. The following theorem describes
the support of this random variable.

Proposition 4.1. Let p > 2. The support of B in C*~**" ([0, T],R?) is Co*~"*" ([0, T], RY),
that is the closure for the p-variation distance of the set of smooth paths starting at 0.

PROOF. The key argument is a clever application of the Cameron-Martin theorem.
Let us recall that this theorem says that if

heWy® = {h [0, 7] = R%, 3k € L*([0,T),RY), h(t) = /tk(s)ds} :

then the distribution of B + h is equivalent to the distribution of B.

Let us denote by F the support of B. It is clear that ' € Co?~"* ([0, T], R%), because
the paths of B have bounded ¢ variation for 2 < ¢ < p. Let now x € F. We have for
e > 0, P(dp—yar(B,z) < ) > 0. From the Cameron Martin theorem, we deduce then
for h € W52, P(dy_yar(B + h,z) < €) > 0. This shows that z — h € F. We can find a
sequence of smooth x,, that converges to = in p-variation. From the previous argument

r — x, € F and converges to 0. Thus 0 € F' and using the same argument shows then
that W™ is included in F. This proves that F = C*~"*" ([0, T], R%). O

The following theorem due to Stroock and Varadhan describes the support of solutions
of stochastic differential equations. As in the previous proof, we denote

Wy* = {h :[0,7] = R%, 3k € L*([0,T],RY), h(t) = /t k(s)ds} .

Theorem 4.2. Let v > 2 and let Vi,---,Vy be y-Lipschitz vector fields on R™. Let
xo € R". Let (X;)i>0 be the solution of the Stratonovitch differential equation:

d t
Xt:x0+2/ Vi(X,) o dB’.
i=1 70

Let p > 2. The support of X in CP~v ([0, T],R?) is the closure in the p-variation topology
of the set:

{xh, h € Wé’Q} ,

where z" is the solution of the ordinary differential equation

d t
ol =z +Z/ Vi(z")dh!
i=1 Y0

ProOF. We denote by B™ the piecewise linear process which is obtained from B by
interpolation along a subdivision D,, which is such that D, ; C D,, and whose mesh goes
to 0. We know that B™ € Wé’Q and that 28" almost surely converges in p-variation to X.
As a consequence B almost surely takes its values in the closure of:

{z", h e Wy?}.
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This shows that the support of B is included in the closure of {xh,h € Wé’Q}. The
converse inclusion is a little more difficult and relies on the Lyons’ continuity theorem. It
can be proved by using similar arguments as for B (details are let to the reader) that the
support of Sy(B) is the is the closure in the p-variation topology of the set:

{Ss(h),h € Wy?},

where S5 denotes, as usual, the lift in the Carnot group of step 2. Take h € W(l)’2
and € > 0. By the Lyons’ continuity theorem, there exists therefore > 0 such that
dp—var(S2(h), S2(B)) < n implies || X — 2"||,—var < €. Therefore

0< ]P(dp—var<s2(h)752(3)) < 77) < P (HX - 'Th”p—va?“ < 6) .

In particular, we have P (HX — 2| par < 8) > (. This proves that 2" is in the support
of X. So, the proof now boils down to the statement that the support of Sy(B) is the
closure in the p-variation topology of the set:

{Ss(h), h € Wy?}.



