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Chapter 1

Semigroups

1.1 Semigroups on Banach spaces: The Hille-Yosida theo-
rem

Let (B,] - ||) be a Banach space, which for us will later be LP(X,u), where (X, p) is a
measure space.

Definition 1.1.1. A family of bounded operators (P;)i>0 on B is called a strongly con-
tinuous contraction semigroup if:

e Py=1d and for s,t >0, Psyy = PsP;;
e For each x € B, the map t — P,z is continuous;
e For each z € B andt >0, ||Px| < ||z].
Now, let us recall that a densely defined linear operator
A:D(A)CcB—B

is said to be closed if for every sequence x,, € D(A) that converges to x € B and such that
Az, — y € B, we have € D(A) and y = Ax.

Proposition 1.1.2. Let (P;)¢>0 be a strongly continuous contraction semigroup on B.
There exists a closed and densely defined operator

A:D(A)CB— B

where

Pf_
D(A) = {f € B, 1%irr(l) tft ! e:m'sts} ,
—
such that for f € D(A),

lim
t—0

Pf—f
t

- af] <o,



The operator A is called the generator of the semigroup (P;)i>0. We also say that A
generates (Pr)i>0.

Proof. Let us consider the following bounded operators on B :

1 t
At = / PSdS.
t Jo

1 h
(Pind = 4n) = 3 [ (Pt = Pupyas

For f € B and h > 0, we have

Sl e

t
- /O (Posnf — Puf)ds.

Therefore, we obtain

(Pnf = f).

= =

o1
lim > (PARS = Anf) =

This implies,

{Anf,f € B,h >0} C {feB, %méptft_f exists}
—

Since limy,_,g Ay f = f, we deduce that

{f € B, lim y exists}

t—0

is dense in B. We can then consider

Af = lim

t—0

Pf—f
t b
which is of course defined on the domain
Pf—
D(A) = {f € B, limLf exists} .
t—0 t

We let as an exercise to the reader to prove that A is closed (Hint: It is the limit of the
bounded operators %,t > 0). O

The following important theorem is due to Hille and Yosida and provides, through spec-
tral properties, a characterization of closed operators that are generators of contraction
semigroups.

Let A: D(A) C B — B be a densely defined closed operator. A constant A € R is said
to be in the spectrum of A if the operator AId — A is not bijective. In that case, it is a
consequence of the closed graph theorem! that if A is not in the spectrum of A , then the
operator AId — A has a bounded inverse. The spectrum of an operator A shall be denoted

p(A).

LAn everywhere defined operator between two Banach spaces A : B; — Bs is bounded if and only if it
is closed.




Theorem 1.1.3 (Hille-Yosida theorem). A necessary and sufficient condition that a
densely defined closed operator A generates a strongly continuous contraction semigroup
1s that:

* p(A) C (00, 0];
o |(AId — A)71| < % forall A> 0.

Proof. Let us first assume that A generates a strongly continuous contraction semigroup
(Pt)t>0. Let A > 0. We want to prove that \Id — A is a bijective operator D(A) — B.
The formal Laplace transform formula

—+00
/ e MetAdt = (M\Id — A) 7L,
0

suggests that the operator
+oo
R) = / e M Pydt
0

is the inverse of AXId — A. We show this is indeed the case. First, let us observe that R
is well-defined as a Riemann integral since t — F; is continuous and || P| < 1. We now
show that for x € B, Ryz € D(A). For h > 0,

P, —1d too |, P, —1d
TRy = / e M padt
0

h

oo P, — P,
= / e MR T Tt
0 h

+o0 _
h h

eAh h 400
= — <R)\x —/ e M Pyads —/ e_’\SPS_hxds>
h 0 h

M A rh

=— R)\l‘—T ; e M Poads

By letting h — 0, we deduce that Ryz € D(A) and moreover
ARz = ARz — z.

Therefore we proved
(AMId — ARy = 1Id.

Furthermore, it is readily checked that, since A is closed, for = € D(A),

+00 +o00 +o0
ARz = A/ e MPadt = / e MAPxdt = / e MP,Azdt = Ry Ax.
0 0 0



We therefore conclude
(AMId — A)R) =R (\Id — A) = Id.

Thus,
Ry = (\Id— A)!

+oo
R, = / e MP,dt,
0

1
IRl <

and, from the formula

it is clear that

Let us now assume that A is a densely defined closed operator such that
 p(4) C (—o0,0;
e ||(AId — A)~1|| < % for all A > 0.
The idea is to consider the following sequence of bounded operators
A, = —nId + n?(nld — A)~*

from which it is easy to define a contraction semigroup and then to show that A, — A.
We will then define a contraction semigroup associated to A as the limit of the contraction
semigroups associated to A,,.
First, for € D(A), we have

Apx =n(nld — A)_lA:c —n—toco 0.

Now, since A,, is a bounded operator, we may define a semigroup (F}*);>o through the
formula

+0 Lk Ak

thFA

P2 i
k=0

At that point, let us observe that we also have

n —TLt Z 2ktk TLId A)

As a consequence, we have

e RN nId Ak
1Pl < e tz

+o0 Kok

<em§TLT ¢

- k!
k=0

<1



and (P[")¢>o is therefore a contraction semigroup. The strong continuity is also easily
checked

1Pn = Bl = 1B (By —1d)]]

< HPqu —Id|

k k
_ Z )
—h—0 0.

We now prove that for fixed t > 0, x € D(A), (P*x)p>1 is a Cauchy sequence. We have

t
n m d n m
1Bra = ol = | [ (PR s
0 S

¢
PP (Apx — Apzx)ds
0

t
s/ | Ant — Ay ds
0

< t|Anx — Az
Therefore for x € D(A), (P'z),>1 is a Cauchy sequence and we can define

Px = lim Pz.
n—-+0o0o

Since D(A) is dense and the family (FP}*),>1 uniformly bounded, the above limit actually
exists for every x € B, so that (P;)¢>0 is well-defined on B. It is clear that (P;);>0 is a
strongly continuous semigroup, inheriting these properties from (P}*)¢>o (the details are
let to the reader here).

It remains to show that the generator of (P;)¢>0, call it Ais equal to A. For every t > 0,
x € D(A) and n > 1,

t
Pz =x+ / Pl Axds,
0

therefore .
Pz =x+ / P Axds.
0

Hence D(A) C D(A) and for € D(A), Az = Aux. Finally, since for A > 0, (AId —
A)D(A) = B = (\Id — A)D(A), we conclude D(A) = D(A). O

Exercise 1.1.4. By using the proof of Theorem 1.1.8, show the following fact: If A1 and
As are the generators of contraction semigroups (P})i>o and (P?)i>0, then for x € B, the
two following statements are equivalent:

eV A>0, (Md-—A;)lz=(Id - Ay)"la;



e Vt>0, Plz=Px.

As powerful as it is, the Hille-Yosida theorem is difficult to directly apply to the theory of
diffusion semigroups. The following corollary is then useful.

Definition 1.1.5. A densely defined operator on a Banach space B is called dissipative if
for each x € D(A), we can find an element ¢ of the dual space B*, such that:

o [loll = ll=l;
o o(x) = ||=l*;
o ¢(Ax) <O0.

With this new definition in hands, we have the following corollary of the Hille-Yosida
theorem:

Corollary 1.1.6. A closed operator A on a Banach space B is the generator of a strongly
continuous contraction semigroup, if and only if:

e A is dissipative;
e For A > 0, the range of the operator \Id — A is B.

Proof. Let us first assume that A is the generator of a contraction semigroup (P;)¢>o. From
the Hahn-Banach theorem, there exists ¢ € B* such that ||¢|| = ||| and ¢(z) = ||z
We have, at t = 0,

d
o) = o(Ax),

but
6(Pex)| < ||glll| Pzl < [lpllll=]| < [l«]* < ¢(a),

thus, at t = 0,
d
—¢(Px) <
dt¢< t.’]:) — 07

and we conclude
¢(Az) <O0.

The fact that for A > 0, the range of the operator A\Id — A is B is a straightforward
consequence of Theorem 1.1.3.
Let us now assume that A is a densely defined closed operator such that:

e A is dissipative;
e For A > 0, the range of the operator \Id — A is B.

Let x € D(A) and let ¢ € B*, such that:

o lloll = [ll;



o o(z) = ||z]*

o ¢(Az) <0.
For A > 0,
Mlzl[* < Ap(x) — ¢(Az)
< o((Ald — A)x)
< [l [l (AT — A)z|[.
Thus,

(AT — A)z[| = Al].

This implies that the range R of the operator AId — A is closed and that this operator
has a bounded inverse from R to D(A) with norm lower than §. Since Ry = B, the
proof is complete. O

1.2 Semigroups on Hilbert spaces: The golden triangle

Let (H,(:,-)3 be a Hilbert space and let A be a densely defined operator on a domain
D(A). We have the following basic definitions.

e The operator A is said to be symmetric if for f,g € D(A),

e The operator A is said to be non negative symmetric operator, if it is symmetric
and if for f € D(A),

It is said to be non positive, if for f € D(A),

(f,Af)n <0.
e The adjoint A* of A is an operator defined on the domain

D(A™) ={f e H,3 c(f) 20,V g € D(A), [(f, Ag)n| < c(f)lglla}-

Since for f € D(A*), the map g — (f, Ag)x is bounded on D(A), it extends thanks
to Hahn-Banach theorem to B. The Riesz representation theorem allows then to
define A* by the formula

(A" f, 9)n = {f, Ag)n
where g € D(A), f € D(A*). Since D(A) is dense, A* is uniquely defined.

e The operator A is said to be self-adjoint if it is symmetric and if D(A*) = D(A).



Let us observe that, in general, the adjoint A* is not necessarily densely defined, however it
is readily checked that if A is a symmetric operator then, from Cauchy-Schwarz inequality,
D(A) C D(A*). Thus, if A is symmetric, then A* is densely defined.

We have the following first criterion for self-adjointness which may be useful.

Lemma 1.2.1. Let A: D(A) C H — H be a densely defined operator. Consider the graph
of A:
Gy ={(v,Av),v € D(A)} CHDH,

and the complex structure

THeH>HeMN
(v, w) = (~w,v).

Then, the operator A is self-adjoint if and only if
Gi=J(G,).
Proof. 1t is checked that for any densely defined operator A
G =J (Gj) :
and the conclusion follows from routine computations. O

The following result is often useful.

Lemma 1.2.2. Let A : D(A) C H — H be an injective densely defined self-adjoint
operator. Let us denote by R(A) the range of A. The inverse operator

ATV R(A) - H
s a densely defined self-adjoint operator.
Proof. First, let us observe that
R(A)* = Ker(A*) = Ker(A) = {0}.
Therefore R(A) is dense in H and A~! is densely defined. Now,
G =T (G-a)"
-7 (G*,)

=JT(G_a)
— T (Ga).



A major result in functional analysis is the spectral theorem.

Theorem 1.2.3 (Spectral theorem). Let A be a non negative self-adjoint operator on H.
There is a measure space (2, v), a unitary map U : L?(Q,v) — H and a non negative real
valued measurable function \ on € such that

U~MAU f () = A(@) f(2),

for x € Q, Uf € D(A). Moreover, given f € L*(Q,v), Uf belongs to D(A) if only if
fﬂ N f2dy < 400.

Definition 1.2.4. (Functional calculus) Let A be a non negative self-adjoint operator on
H. Let g : R>9 — R be a Borel function. With the notations of the spectral theorem, one
defines the operator g(A) by the requirement

U™'g(A)Uf(x) = g(A(2)) f (=),
with D(g(A)) = {Uf,(go N\ f € L2(Q,v)}.

Exercise 1.2.5. Show that if A is a non negative self-adjoint operator on H and g is a
bounded Borel function, then g(A) is a bounded operator on H.

After those preliminaries, we turn to the study of semigroups in Hilbert spaces:

Definition 1.2.6. A strongly continuous self-adjoint contraction semigroup is a family of
self-adjoint operators (P;)i>0 : H — H everywhere defined on H such that:

1. For s,t >0, P,o Py = Psyy (semigroup property);
2. For every f € H, limy_o P,f = f (strong continuity);
3. For every f € H and t >0, ||P:f|| < || fl| (contraction property).

Definition 1.2.7. A closed symmetric non negative bilinear form on H is a densely defined
non negative quadratic form € : F := D(E) — R such that F equipped with the norm

1F1% = 1F1? + E(f)

is a Hilbert space. If € is a closed symmetric non negative bilinear form on H, one can

define for f,g € F, E(f,9) = 1 (E(f +9) — E(f — 9)).
One has the following theorems:

Theorem 1.2.8. Let (P;)i>0 be a strongly continuous self-adjoint contraction semigroup
on H. Then its generator A is a densely defined non positive self-adjoint operator on H.
Conversely, if A is a densely defined non positive self-adjoint operator on H, then it is the
generator a strongly continuous self-adjoint contraction semigroup on H.

10



Proof. Let (P;)t>0 be a strongly continuous self-adjoint contraction semigroup on H with
generator A. As we proved in the previous lecture, one has for A > 0

+oo
/ e MPdt = (\Id — A)~L
0

However, the operator f0+°° e M Pydt is seen to be self-adjoint, thus (AId — A)~! is. From
previous lemma, we deduce that A\Id — A is self-adjoint, from which we deduce that A is
self-adjoint (exercise !).

On the other hand, let A be a densely defined non positive self-adjoint operator on H.
From spectral theorem, there is a measure space (2, v), a unitary map U : L?(Q,v) — H
and a non negative real valued measurable function A on 2 such that

U-TAUf(z) = —A(2)f (),
for x € Q, Uf € D(A). We define then P, : H — H such that
U PU f(w) = e f(z),

and let as an exercise the proof that (P;)¢>¢ is a strongly continuous self-adjoint contraction
semigroup on H with generator A. O

Theorem 1.2.9. Let (P;)i>0 be a strongly continuous self-adjoint contraction semigroup
on H. One can define a closed symmetric non negative bilinear form on H by

e(f) =t (“M T p).

t—0

The domain F of this form is the set of f’s for which the limit exists.

Proof. Let A be the generator of the semigroup (P;)t>0. We use spectral theorem to
represent A as

U~ AUg(x) = =A(@)g(x),

so that
U 'PUg(z) = e @ g(2).

We then note that for every g € L?(Q,v),

Idy — P, 1 — e~ tA®)
<HttUg7 Ug> = /Q fg(ﬂf)QdV(ﬂf)‘

This proves that for every f € H, the map ¢t — <% Lf > is non increasing. Therefore,
the limit lim,_ <% 1, f> exists if and only if [,(U~!f)?(z)Ma)dv(z) < +00, which
is equivalent to the fact that f € D((—A)Y?). In which case we have

nm<””‘3ﬁf>=m—m”%w.

t—0 t

11



Since (—A)l/ 2 is a densely defined self-adjoint operator, the quadratic form

E) ==
is closed and densely defined on F := D((—A)'/?). O

Theorem 1.2.10. If £ is a closed symmetric non negative bilinear form on H. There
exists a unique densely defined non positive self-adjoint operator A on H defined by

DA)={feF,Jge H,Yhe F,E(f,h) =—(h,9)}

Af =g.
The operator A is called the generator of £. Conversely, if A is a densely defined non
positive self-adjoint operator on H, one can define a closed symmetric non negative bilinear
form € on H by
F=D((-4)"), &) =15

Proof. Let £ be a closed symmetric non negative bilinear form on H. As usual, we denote
by F the domain of £. We note that for A > 0, F equipped with the norm (|| f[>+E(f))"/?
is a Hilbert space because £ is closed. From the Riesz representation theorem, there exists
then a linear operator Ry : H — F such that for every f € H,g € F

(f9) = MRAf,9) + ERAS, 9)

From the definition, the following properties are then easily checked:

L. |Rxfll < $IIfIl (apply the definition of Ry with g = R, f and then use the Cauchy-
Schwarz inequality);

2. For every f,g € H, (Rxf,g9) = (f,Rag);
3. Ry, — Ry, + (M1 — A2)R\ Ry, =0
4. For every f € H, limy, ;1 [[ARNf — f]| = 0.

We then claim that R is invertible. Indeed, if Ry f = 0, then for a > A, one has from 3,
R.f = 0. Therefore f = limy— 400 Raf = 0. Denote then
Af = =Ry,

and D(A) is the range of Ry. It is straightforward to check that A does not depend on
A. The operator A is a densely defined self-adjoint operator that satisfies the properties
stated in the theorem (Exercise !). O

Exercise 1.2.11. Prove the properties 1,2,3,4 of the previous proof.

As a conclusion, one has bijections between the set of non positive self-adjoint operators,
the set of closed symmetric non negative bilinear form and the set of strongly continuous
self-adjoint contraction semigroups. This is the golden triangle of the theory of heat
semigroups on Hilbert spaces !

12



1.3 Friedrichs extension, Essential self-adjointness

As in the previous lecture, let (#, (-,-)) be a Hilbert space.

Definition 1.3.1. Let A : D(A) — H be a densely defined operator. A densely defined
operator A is called an extension of A if D(A) C D(A) and for every f € D(A), Af = Af.

Theorem 1.3.2 (Friedrichs extension). Let A be a densely defined non positive symmetric
operator on H. There exists at least one self-adjoint extension of A.

Proof. On D(A), let us consider the following norm

I£1% = [IF1I* = (Af, f)-

By completing D(A) with respect to this norm, we get an abstract Hilbert space (H 4, (-,*)4).
Since for f € D(A), ||f]| < ||f]la, the injection map ¢ : (D(A),]|-]la) = (H,] -||) is contin-
uous and it may therefore be extended into a continuous map 7 : (Ha, || - ||a) = (H, |- |-
Let us show that 7 is injective so that H 4 may be identified with a subspace of H. So, let
f € Ha such that 7(f) = 0. We can find a sequence f,, € D(A), such that || f, — flla — 0
and || fr|| — 0. We have then

[flla= lim (fn, fm)a

m,n—-+00

= lim lm (fn, fm) — (Afn, fim)

m——+00 n—+400

=0,

thus f = 0 and 7 is injective. Therefore, H 4 may be identified with a subspace of H. Since
D(A) C Ha, one has that H, is dense in H. We consider now the quadratic form on H
defined by

EN) =IFIA—IFIZ feHa
It is closed because (Ha, (-,-)4) is a Hilbert space. The generator of this quadratic form

is then a self-adjoint extension of A. O

Remark 1.3.3. In general self-adjoint extensions of a given symmetric operator are not
unique. The operator constructed in the proof above is called the Friedrichs extension of
A. It is the minimal self-adjoint extension of A.

Definition 1.3.4. Let A be a densely defined non positive symmetric operator on H. We
say that A is essentially self-adjoint if it admits a unique self-adjoint extension.

We have the following convenient criterion for essential self-adjointness whose proof is let
as an exercise to the reader.

Lemma 1.3.5. Let A be a densely defined non positive symmetric operator on H. If for
some X > 0,
Ker(—A" + M\Id) = {0},

then the operator A is essentially self-adjoint.

13



1.4 Diffusion operators on R"

Throughout the section, we consider a second order differential operator that can be

written
L= i Uz"(w)i(:ﬂ +§n:bl(l‘)i
J axzax] - Gmi’

,j=1

where b; and o0;; are continuous functions on R™ and for every x € R", the matrix
(0ij(x))1<ij<n is a symmetric and non negative matrix. Such operator is called a dif-
fusion operator.

We will assume that there is Borel measure p which is equivalent to the Lebesgue measure
and that symmetrizes L in the sense that for every smooth and compactly supported
functions f,g: R" — R,

/ gLfdu = A fLgdp.

In what follows, as usual, we denote by C3°(R™) the set of smooth and compactly supported
functions f: R" — R.

Exercise 1.4.1. On C§°(R"), let us consider the operator
L=A+(VU,V.),
where U : R™ — R is a O function. Show that L is symmetric with respect to the measure
p(da) = eV @ dz.
Exercise 1.4.2 (Divergence form operator). On C§°(R"), let us consider the operator
Lf =div(eVf),

where div is the divergence operator defined on a C' function ¢ : R™ — R™ by

. LY
dlv¢zzai
i=1 v

and where o is a C! field of non negative and symmetric matrices. Show that L is a
diffusion operator which is symmetric with respect to the Lebesgue measure of R™.

For every smooth functions f,g : R* — R, let us define the so-called carré du champ?,
which is the symmetric first-order differential form defined by:

D(f.9) = & (LUfa) - FLg - oLf).

2The litteral translation from French is square of the field.

14



A straightforward computation shows that

Z" df g
F(f7g) = O-Z](x) ;
ij=1 8951 8mj
so that for every smooth function f,

I'(f, f) 2 0.

Exercise 1.4.3.
1. Show that if f,g: R™ — R are C' functions and ¢1,p2 : R — R are also C' then,
L(¢1(f); d2(9)) = ¢1(f)da(9)T(f, 9)-
2. Show that if f: R = R is a C? function and ¢ : R — R is also C?,

Lo(f) = ¢'(f)Lf + ¢"(NT(f, f)-

In the sequel we shall consider the bilinear form given for f,g € C5°(R") by

(o) = [ T(an
This is the quadratic associated to L. It is readily checked that £ is symmetric:

E(f,9) =E(9. f),

and non negative

E(f,f) 2 0.
We may observe that thanks to symmetry of L,

£(79) =~ [ fLgdn=- / gLfdp.

n

The operator L on its domain D(L) = C§°(R") is a densely defined non positive symmetric
operator on the Hilbert space L?(R"™, ). However, it is not self-adjoint (why?).

The following proposition provides a useful sufficient condition for essential self-adjointness
that is easy to check for several diffusion operators. We recall that a diffusion operator is
said to be elliptic if the matrix o is invertible.

Proposition 1.4.4. If the diffusion operator L is elliptic with smooth coefficients and if
there exists an increasing sequence hy, € C°(R™), 0 < hy, < 1, such that hy, /1 on R,
and ||T'(hn, hn)||looc = 0, as n — oo, then the operator L is essentially self-adjoint.

15



Proof. Let A > 0. According to the previous lemma, it is enough to check that if L*f = A\ f
with A > 0, then f = 0. As it was observed above, L*f = Af is equivalent to the fact that,
in sense of distributions, Lf = Af. From the hypoellipticity of L, we deduce therefore
that f is a smooth function. Now, for h € C§°(R"),

[ TR Py =~ L0 ) g

= —(L*f, R f) r2(rn )
= —)\<f7 h2f>L2(R",u)
= —)\<f27 h2>L2(R”,u)
<0.

Since
D(f,h2f) = B*T(f, f) + 2fBT(f, h),
we deduce that
(R*,T(f, ) 2n ) + 200 T(f, 1) 2,y < 0.
Therefore, by Cauchy-Schwarz inequality
(B2, D(f, ) 2n gy < 41 FBIT (R B oo-

If we now use the sequence h,, and let n — oo, we obtain I'(f, f) = 0 and therefore f = 0,
as desired. ]

Exercise 1.4.5. Let
L=A+(VU,V"),

where U is a smooth function on R™. Show that with respect to the measure p(dx) =
eV @ dz, the operator L is essentially self-adjoint on CP(R™).

Exercise 1.4.6. On R", we consider the divergence form operator
Lf =div(eV[f),
where o is a smooth field of positive and symmetric matrices that satisfies

alle|? < (2, 00) <Blle]?, xR,

for some constant 0 < a < b. Show that with respect to the Lebesgue measure, the operator
L is essentially self-adjoint on C3°(R™)

Exercise 1.4.7. On R", we consider the Schrédinger type operator

H=L-V,
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where L is a diffusion operator and V : R™ — R is a smooth function. We denote

I'(f,9) = 5 (L(fg) — fLg —gLf).

N | =

Show that if there exists an increasing sequence h, € C§°(R™), 0 < h,, < 1, such that
hn, /1 on R™, and ||I'(hn, hn)|lcoc — 0, as n — oo and that if V is bounded from below
then H is essentially self-adjoint on C§°(R™).
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Chapter 2

Markovian semigroups and
Dirichlet forms

Let (X, B) be a measurable space. We say that (X, B) is a good measurable space if there
is a countable family generating B and if every finite measure v on (X x X, B® B) can be
decomposed as

Y(dxdy) = k(z, dy)yi(dx)
where 7, is the projection of v on the first coordinate and k is a kernel, i.e k(z,-) is a
finite measure on (X, B) and x — k(x, A) is measurable for every A € B.
For instance, if X is a Polish space (or a Radon space) equipped with its Borel o-field,
then it is a good measurable space.
Throughout the chapter, we will consider (X, B, ) to be a good measurable space equipped
with a o-finite measure p.

2.1 Markovian semigroups

Definition 2.1.1. Let (P;):>0 be a strongly continuous self-adjoint contraction semigroup
on L*(X,u). The semigroup (Pi)i>o is called Markovian if and only if for every f €
L*(X,p) and t > 0:

1.
f>0, ae = Pf>0, ae.

<1, ae = Pf<1, ae.

We note that if (P;);>0 is Markovian, then for every f € L*(X, u) N L% (X, u),

I1Pef Nl poe (x) < N Nl moe (xp0)-

As a consequence (P;);>0 can be extended to a contraction semigroup defined on all of
L>®(X, ).
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Definition 2.1.2. A transition function {pt,t > 0} on X is a family of kernels
pr: X xB—0,1]
such that:
1. Fort >0 and x € X, pi(x,-) is a finite measure on X;
2. Fort >0 and A € B the application © — p(x, A) is measurable;

3. Fors,t >0, a.e. £ € X and A € B,
Pe+s(z, A) = /Xpt(y,A)ps(x,dy). (2.1.1)

The relation (2.1.1) is often called the Chapman-Kolmogorov relation

Theorem 2.1.3 (Heat kernel measure). Let (P;)¢>0 be a strongly continuous self-adjoint
contraction Markovian semigroup on L?(X, u). There exists a transition function {p;,t >
0} on X such that for every f € L®°(X, pn) and a.e. v € X

Puf(x) = /X F@pie.dy), > 0. (21.2)

This transition function is called the heat kernel measure associated to (P;)¢>0.

The proof relies on the following lemma sometimes called the bi-measure theorem. A set
function v : B®& B — [0,400) is called a bi-measure, if for every A € B, v(A,-) and v(-, A)
are measures.

Lemma 2.1.4. If v: B® B — [0,+00) is a bi-measure, then there exists a measure vy on
B ® B such that for every A, B € B,

v(A x B) =v(A, B).

Proof of Theorem 2.1.3. We assume that p is finite and let as an exercise the extension
to o-finite measures. For ¢ > 0, we consider the set function

I/t(A,B):/ 1APtle,u.
X

Since P; is supposed to be Markovian, it is a bi-measure. From the bi-measure theorem,
there exists a measure v, on B ® BB such that for every A, B € B,

’)/t(A X B) = Vt(A, B) = / ].APt].BdM.
X

The projection of ; on the first coordinate is (P;1)du, thus from the measure decompo-
sition theorem, ~; can be decomposed as

Ye(dxdy) = py(z, dy)p(dz)
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for some kernel p;. One has then for every A, B € B

/1APt13d,u://pt(x,dy),u(d:b),
X AJB

from which it follows that for every f € L*°(X, u), and a.e. x € X

Pf(@) = [ f@mla.dy).
The relation
pees(e. )= [l Ao dy)
follows from the semigroup property. O
Exercise 2.1.5. Prove Theorem 2.1.3 if p is o-finite.

Exercise 2.1.6. Show that for every non-negative measurable function F : X x X — R,

/ / F(z,y)pe(z, dy)du(z / / (z, 9)pe(y, dz)duly). (2.1.3)

Definition 2.1.7. Let (P;)¢>0 be a strongly continuous self-adjoint contraction Markovian
semigroup on L?(X, ). We say that the semigroup {Pi}ic(0,00) admits a heat kernel if the
heat kernel measures have a density with respect to u, i.e. there exists a measurable
function p : Rsg x X x X — Rxq, such that for everyt > 0,a.e.x,y € X, f € L>®(X, u),

Puf(x) = /X P, y) () dpa(y).

If the heat kernel exists, we will often denote p(t,z,y) as pi(z,y) for t > 0 and a.e.
x,y € X.

2.2 Dirichlet forms

Definition 2.2.1. A function v on X is called a normal contraction of the function u if
for almost every z,y € X,

v(z) —ov(y)] < u(z) —u(y)| and |o(z)] < [u(z)].

Definition 2.2.2. Let (£,F = dom(E)) be a densely defined closed symmetric form on
L?(X, ). The form & is called a Dirichlet form if it is Markovian, that is, has the property
that if uw € F and v is a normal contraction of u then v € F and

E(v,v) < E(u,u).

The main theorem is the following.
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Theorem 2.2.3. Let (P;)i>0 be a strongly continuous self-adjoint contraction semigroup
on L*(X, u). Then, (P;);>o is a Markovian semigroup if and only if the associated closed
symmetric form on L*(X,p) is a Dirichlet form.

Proof. Let (P;)i>0 be a strongly continuous self-adjoint contraction Markovian semigroup
on L?(X,p). There exists a transition function {p;,¢ > 0} on X such that for every
u€ L®(X,pn) and ae. x € X

Pou(r) = /Xu(y)pt(x,dy), t>0.

Denote
hu(w) = PA(z) = /X pi(e, dy).

We observe that from the Markovian property of P;, we have 0 < k; < 1 a.e. We have

then
3 /[ @) = u)Pnedpduto) = [ u@Ph@int) - [ o) Put)dutz).

Therefore,

(= Pacay =5 [ [ (ule) =) Pouto. dn)dta) + [ @0~ b@)duta).

Let us now assume that v € F and that v is a normal contraction of . One has

/ / ))*pi(, dy)dp(x / / ))pe(, dy)dp(x)

[ o@P1 = k@)duto) < [ u@?(1 - kie))duta),
X X

and

Therefore,
(v — Pw,v) < (u— Pu,u)

Since u € F, one knows that + (u—Pyu, u) converges to £(u) when t — 0. Since 1(v—Pv, v)
is non-increasing and bounded it does converge when ¢ — 0. Thus v € F and

E(v) < E(u).

One concludes that £ is Markovian.

Now, consider a Dirichlet form € and denote by P; the associated semigroup in L?(X, )
and by A its generator. The main idea is to first prove that for A > 0, the resolvent
operator (A\Id — A)~! preserves the positivity of function. Then, we may conclude by the
fact that for f € L?(X, ), in the L?(X, u) sense

Pf= lim <Id—tL>nf.
n

n—-+o0o
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Let A > 0. We consider on F the norm
IFIIR = 1 Z2(x ) + AECS )
From the Markovian property of £, if u € F, then |u| € F and
E(lul, |ul) < E(u,u). (2.2.1)
We consider the bounded operator

Ry = (Id — \A)™*

that goes from L?(X, ) to D(A) C F. For f € F and g € L*(X, 1) with g > 0, we have
(IfL RN = (| f1, Rag) r2(x ) — M f1s ARNG) 2(x )
= (|f], (Id — /\A)R)\9>L2(X,u)
= (|fl, 9>L2 (X 1)
> (f,9) L2 (x|
> [{f,Rag)al-

Moreover, from inequality (2.2.1), for f € F,

FLFLIR = 1A 12, + AEUFL LD

<l 72cx 0 + AECS )

< IIf113.
By taking f = Ryg in the two above sets of inequalities, we draw the conclusion

[(Rag, Raghl < ([Ragl, Rag)x < [| [Ragl [A[IRaglx < [(Rag, Rag)al-
The above inequalities are therefore equalities which implies
Ryg = [Rygl.

As a conclusion if g € L?(X, p) is a.e. > 0, then for every A > 0, (Id — AA)"lg > 0 a.e..

Thanks to the spectral theorem, in L?(X, i),

P,g= lim <Id — tA) qg.
n

n—-+00

By passing to a subsequence that converges pointwise almost surely, we deduce that P;g >
0 almost surely. The proof of

<1, ae = P f<1, ae.

follows the same lines:
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e The first step is to observe that if 0 < f € F, then 1 A f and moreover
EANLINS) SE(S S)

o Let f € L} X,p) satisfy 0 < f < 1 and set g = Ry f

= (Id — M)7'f € F and
h =1Ag. According to the first step, h € F and E(h,h) < E(g,

) Now, we observe

that:
lg = R%
=llglIX — 2(g, h)x +||h||§
=(Rf, Hrzxp — 20 W 2x ) + HM%? (x,) T AE(h, )
=R Sy 2 = 17200 + 11 = hllT2(x . + AE(RB)
SRS P2 — I 2o + 1 = 972 x + AE(9:9) = 0.

As a consequence g = h, that is 0 < g < 1.

e The previous step shows that if f € L2(X,pu) satisfies 0 < f < 1 then for every
A>0,0<(Id—AL)"!f < 1. Thanks to spectral theorem, in L?(X, p),

t —n
P.f= lim (Id — L) f-
n—-+4oo n
By passing to a subsequence that converges pointwise almost surely, we deduce that

0 < P;f <1 almost surely.

2.3 The L? theory of heat semigroups

Our goal, in this section, is to define, for 1 < p < 400, P, on LP(X, ). This may be done
in a natural way by using the Riesz-Thorin interpolation theorem that we recall below.

Theorem 2.3.1 (Riesz-Thorin interpolation theorem). Let 1 < po,p1,q0,q1 < 00, and
0 € (0,1). Define 1l <p,q< oo by

1 1-60 0
_|_

1-6 6
_|_

)

1
p Po b1 q q0 q1

If T is a linear map such that
T : LPo — qu, ||THLP0—>L‘10 = M()

T:LP —)qu, HTHLPI—}L‘H :Ml,

23



then, for every f € LPo N LP1,
IT£llg < Mo~ M| £lp-
Hence T extends uniquely as a bounded map from LP to L1 with

IT || Lp— o < My~ MY,

Remark 2.3.2. The statement that T is a linear map such that
T:LP — L9 ||T|zro—rs0 = Mo
T:LPr — L% ||T|pr1—pa = My,

means that there exists a map T : LPO N LP* — L9 N L9 with

sup 1T fllgo = Mo
FELPONLPY || flpy <1

and

sup 1T fllg = M.
fELPONLPL || f|lp, <1

In such a case, T can be uniquely extended to bounded linear maps Ty : LP° — L9 |
Ty : LPr — L. With a slight abuse of notation, these two maps are both denoted by T in
the theorem.

Remark 2.3.3. If f € LPo N LP' and p is defined by % = 1p;09 + p%, then by Holder’s
inequality, f € LP and
1£1lp < 11F 1130 *11£115,

We now are in position to state the following theorem:

Theorem 2.3.4. Let (P;)i>0 be a strongly continuous self-adjoint contraction Markovian
semigroup on L?(X, ). The space L' N L™ is invariant under P; and P; may be extended

from LY N L™ to a contraction semigroup (Pt(p))tzo on LP for all1l <p <oo: For f € LP,
1P flle < [ flze-
These semigroups are consistent in the sense that for f € LP N LY,
Pt(p)f — Pt(Q) f
Proof. If f,g € L' N L™ which is a subset of L' N L>, then,

‘/X(Ptf)gdu‘ = '/X f(Ptg)du‘

< [ fllpe [1Pegll oo
< [[fllzllglloe-
This implies
1 Peflle < I fllzo-

The conclusion follows then from the Riesz-Thorin interpolation theorem. O
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Exercise 2.3.5. Show that if f € LP and g € L9 with % + % =1 then,

P gdp = / P fdp.
R” R"
Exercise 2.3.6.
1. Show that for each f € L', the L'-valued map t — Pt(l)f s continuous.

2. Show that for each f € LP, 1 <p < 2, the LP-valued map t — Pt(p)f s continuous.

3. Finally, by using the reflexivity of LP, show that for each f € LP and every p > 1,
the LP-valued map t — Pt(p)f 18 continuous.

We mention, that in general, the L™ valued map t — Pt(oo)f is not continuous.

2.4 Diffusion operators as Markov operators

In this section, we consider a diffusion operator

n 82 n 9
L= Z Uij($)7axi8$j + Zbi(ﬂj) axi,

ij=1

where b; and o0;; are continuous functions on R™ and for every x € R", the matrix
(0ij(x))1<ij<n is a symmetric and non negative matrix. Our goal is to prove that if
L is essentially self-adjoint, then the semigroup it generates is Markovian. We will also
prove that this semigroup is solution of the heat equation associated to L.

As before, we will assume that there is Borel measure p which is equivalent to the Lebesgue
measure and that symmetrizes L in the sense that for every smooth and compactly sup-
ported functions f,g: R" — R,

/ gLfdp = A fLgdp.
Our first goal will be to prove that if L is essentially self-adjoint, then the semigroup it
generates in L2(R", i) is Markovian. The key lemma is the so-called Kato inequality:

Lemma 2.4.1 (Kato inequality). Let L be a diffusion operator on R™ with symmetric and
invariant measure p. Let uw € CG°(R™). Define

sgnu=0 ifu(x)=0,

= u(z) of u(x
e if u(x) # 0.

In the sense of distributions, we have the following inequality

Liu| > (sgn u)Lu.
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Proof. If ¢ is a smooth and convex function and if u is assumed to be smooth, it is readily
checked that
Lo(u) = ¢'(u)Lu + ¢" (u)I'(u,u) > ¢'(u) Lu.

By choosing for ¢ the function

de(x) =Va?+e2, >0,

we deduce that for every smooth function u € C§°(R"),

U
Lo.(u) > —————Lu.

As a consequence this inequality holds in the sense of distributions, that is for every
f € CC(RRJR)a f Z 07

u
[ rrowanz [ 1

Letting € — 0 gives the expected result. O

Ludp

From Kato inequality, it is relatively easy to see that if L is an essentially self-adjoint
diffusion operator, then the associated quadratic form is Markovian. As a consequence,
we deduce the following theorem.

Proposition 2.4.2. Let L be a diffusion operator on R™ with symmetric and invariant
measure . Assume that L is essentially self-adjoint, then the semigroup it generates is
Markovian.

Next, we connect the semigroup associated to a diffusion operator L to the parabolic
following Cauchy problem:

ou

i Lu, u(0,z) = f(z).

In the remainder of the section, we assume that the diffusion operator L is elliptic with
smooth coefficients and that there exists an increasing sequence h,, € C§°(R"), 0 < hy, <1,
such that h, /1 on R", and ||T'(hpn, hn)|lec — 0, as n — co. In particular, we know from
this assumption that the operator L is essentially self-adjoint.

Proposition 2.4.3. Let f € LP(R", u), 1 < p < o0, and let
u(t,x) = P f(x), t>0,2z€R"

Then u is smooth on (0,4+00) x R™ and is a strong solution of the Cauchy problem

%: = Lu, u(0,z)= f(x).
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Proof. For ¢ € C§°((0,+00) x R™), we have

/Ran ((_8675 - L> o(t, )) u(t, x)dp(z)dt = / / ((— - L> ¢(t,x)> P.f(x)dudt
/ [ on((~5 - 1) otta)) stalaaat

Therefore u is a weak solution of the equation % = Lu. Since u is smooth it is also a

strong solution. O
We now address the uniqueness of solutions.

Proposition 2.4.4. Let v(z,t) be a non negative function such that

and such that for every t > 0,

HU('vt)HLP(R”,u) < +00,
where 1 < p < +o00. Then v(x,t) = 0.

Proof. Let zp € X and h € C§°(R™). Since u is a subsolution with the zero initial data,
for any 7 € (0,7),

/T/n R2(z)vP~ Nz, t) Lo(x, t)du(z)dt

//nhz ”pl d()dt
_p/o ot (/ W (@)oPdp(e )) dt

! 2(2)P(x, T x
— | @ e duo)

On the other hand, integrating by parts yields
/ / B2(2) 0P~ (2, £) Lo (e, £)dp(w) dt
O n

— / / 2hvP AT (h, v)dpdt — / / h%(p — 1)oP =20 (v)dpdt.
0 n 0 X
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Observing that

2
[ 2 Ip—1 2 p—1

we obtain the following estimate.
//h2(x)vp_1(x,t)LU(x,t)d,u(a:)dt

/ / h)vPdpdt — / / Py T (v)dpdt
n p — n
/ / YoPdp dt — 2 2 / / h2T (vP/2)dpudt.
np— p 0 n

Combining with the previous conclusion we obtain ,

/hz( YoP (x, 7)du(x p=1) / / h2T (vP/?) d,u,dt<( 2p HF M2 / / vPdpdt.
X n

By using the previous inequality with an increasing sequence h, € C§°(R"), 0 < h,, <1,
such that hy, 1 on R", and ||I'(hp,hn)||lc — 0, as n — oo, and letting n — +o00, we
obtain [y vP(x,7)dp(x) = 0 thus v = 0. O

As a consequence of this result, any solution in LP(R™, u), 1 < p < 400 of the heat
equation % = Lu is uniquely determined by its initial condition, and is therefore of the
form u(t,z) = P,f(x). We stress that without further conditions, this result fails when

p=1orp=-+oo.

2.5 Sobolev inequality

In this lecture, we. study Sobolev inequalities on Dirichlet spaces. The approach we
develop is related to Hardy-Littlewood-Sobolev theory

The link between the Hardy-Littlewood-Sobolev theory and heat kernel upper bounds
is due to Varopoulos, but the proof I give below I learnt it from my colleague Ro-
drigoBanuelos. It bypasses the Marcinkiewicz interpolation theorem,that was originally
used by Varopoulos by using instead the Stein’s maximal ergodic lemma. The advantage
of the method is to get an explicit (non sharp) constant for the Sobolev inequality

Let (X, B) be a good measurable space equipped with a o-finite measure p. Let £ be a
Dirichlet form on X. As usual, we denote by P; the semigroup generated by P; and we
assume FP;1 = 1.

We have the following so-called maximal ergodic lemma, which was first proved by Stein.
We give here a probabilistic proof since it comes with a nice constant but you can for
instance find the original (non probabilistic) proof here.
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Lemma 2.5.1. (Stein’s mazximal ergodic theorem) Let p > 1. For f € LP(X, ), denote
[*(@) = supesg [ Pef (2)]. We have || f*[| Lo x0) < G5 e xp0)-

Proof. For x € X, we denote by (X})¢>0 the Markov process associated with the semigroup
P, and started at 2 (we assume that such process exists without commenting on the exact
assumptions). We fix 7" > 0. By construction, for ¢ <7, we have,

Pr_of(X7) = E (f(X5r_1)|X%)

and thus
Py [(X3) = B (Pr—of)(X§r_,)| X%) .

As a consequence, we obtain

0

sup |Pyr—o f(XT)| <E ( sup |(Pr—f)(X3r_)| IX%>~
<t<T 0<e<T

Jensen’s inequality yields then

sup |Pyr_p f(XT)[P <E ( sup [(Pr—ef)(Xar_o)[” | X%) :
0<t<T 0<t<T

We deduce

E ( sup Pz(T_t)f(X%)|p> < E( sup |(Pth)(X§T—t)|p> :

0<t<T 0<t<T

Integrating the inequality with respect to the measure u, we obtain

1/p
sup |P2(T—t)f||| < (/X]E< sup |(PT—tf)(X2$T—t)|p) du(fﬂ)) :
p

0<t<T 0<t<T

By reversibility, we get then

1/p
sup |P2(T—t)f|'| < (/ E( sup I(Pth)(Xf)lp) dﬂ(ﬂf)) :
0<t<T , X 0<t<T

We now observe that the process (Pr_.f)(X}) is martingale and thus Doob’s maximal
inequality gives

1/p
E < sup \(PT_tf><Xf>rp> < =B (f X
0<t<T p

The proof is complete. O
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We now turn to the theorem by Varopoulos. In the sequel, we assume that the semigroup
P, admits a measurable heat kernel p(x,y,t).

Theorem 2.5.2. Letn >0, 0<a<n, and 1 <p < 2. If there exists C' > 0 such that
for everyt >0, z,y € X, p(z,y,t) < tn%’ then for every f € LP(X, u),

1—a/n a/n
_y-es2p . P 2nC
I=0)7 e < (p - 1) aln = pa)T(a/2) M 17

where L is the generator of £.

Proof. We first observe that the bound

C
p(x,y,t) < W’
implies that
Cl/p
P < 1
. Denote
Iof(x) = (=) f(x)
. We have . oo .
@) = gy [ R

Pick § > 0, to be later chosen, and split the integral in two parts:
Iozf(x) = Jaf(x) + Kaf(x)a

where 5
_ 1 a/2—1
and . oo
_ a/2—1
Kol (@) = 507 | e
We have
1 oo 2
a/2—1 * _ /2| px
Tod @) < a7 | 172 @) = St @)
On the other hand,
1 Foo
a/2—1
Kl @) < gy [ 7 P
Cl/p +00 a_n g
<torm [ tETas,
ci/p 1 a_n
< 62 2 .
_F(Oé/Q) 7%+% Hf”p
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We deduce

cl/p 1
[(e/2) =5 +

2

/2 *(x
@+

o f(z)| <

a_n
w07 (|l
2p

Optimizing the right hand side of the latter inequality with respect to § yields

2nC/™
I < ap/n| px l—pa/n'
The proof is then completed by using Stein’s maximal ergodic theorem. O

A special case, of particular interest, is when o = 1 and p = 2. We get in that case the
following Sobolev inequality:

Theorem 2.5.3. Let n > 2. If there exists C > 0 such that for everyt > 0, z,y € X,
p(z,y,t) < t"%’ then for every f € F,

2nC/m
(=27

We mention that the constant in the above Sobolev inequality is not sharp even in the
Fuclidean case.

In many situations, heat kernel upper bounds with a polynomial decay are only available
in small times the following result is thus useful:

£l 2 <221

£(f)-

Theorem 2.5.4. Letn > 0,0 <a <n, and 1 <p < . If there exists C > 0 such that
forevery0 <t <1, z,ye X,

p(%y,t) S W7
then, there is constant C' such that for every f € LP(X, ),
(=L + 1)_0‘/2f\|% < £l

Proof. We apply the Varopoulos theorem to the semigroup Q; = e~'P;. Details are let to
the reader O

The following corollary shall be later used:

Corollary 2.5.5. Letn > 2. If there exists C' > 0 such that for every0 <t <1, z,y € X,

C
p(.’IJ, Y, t) S W?
then there is constant C' such that for every f € F,

I£1] 22, < & (VED +11£1l2)
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Chapter 3

Dirichlet spaces with (zaussian or
sub-Gaussian heat kernel
estimates

Let (X, d, 1) be alocally compact and complete metric measure space where y is a Radon
measure supported on X. Let now (£, F = dom(&)) be a Dirichlet form on X. Through-
out the chapter, we assume the following:

e B(x,r) == {y € X | d(x,y) < r} has compact closure for any x € X and any
r € (0,00);

We also assume that the semigroup {F;} associated with & is stochastically complete (i.e.
P;1 = 1) and has a continuous heat kernel p;(z, y) satisfying, for some ¢y, g, ¢3, ¢4 € (0,00)
and dg > 1,dw € [2,+00),

d 1
et/ oy <_02 (M) Ty 1

d dw -
n ) < pila,y) < cgt™ /W exp(—04< (x7f) )dw 1)

(3.0.1)
for pxp-a.e. (zr,y) € X x X and each t € (0, +oo).
The exact values of ¢, ¢, c3,cq are irrelevant in our analysis. However, the parameters
dg and dy are important; they are metric invariant of the space. We will see that the
parameter dg is the volume growth exponent. The parameter dy is more subtle and is
called the walk dimension. When dy, = 2, one speaks of Gaussian estimates and when
dw > 2, one speaks then of sub-Gaussian estimates.

3.1 Examples

3.1.1 Uniformly elliptic divergence form diffusion operators

On R", we consider the divergence form operator

Lf = —div(eVy),
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where ¢ is a smooth field of positive and symmetric matrices that satisfies
allz|* < (z,0(y)z) <bl|lz|? 2,y R,

for some constant 0 < a < b. We know that with respect to the Lebesgue measure, the
operator L is essentially self-adjoint on C§°(R"™) and its self-adjoint extension (still denoted
L) is the generator of the Dirichlet form

Z/n 3f 8f dx, feWh(R).

i,j=1

Theorem 3.1.1 (Nash, Aronson, Davies). The Dirichlet form &€ admits a heat kernel
satisfying the Gaussian heat kernel estimates (3.0.1) with dw = 2 and dg = n and the
distance is the Euclidean distance.

3.1.2 Riemannian manifolds

Let (M, g) be a complete n-dimensional Riemannian manifold with Riemannian volume
measure i and Riemannian distance d. We assume that the Ricci curvature of M is non
negative. We consider the standard Dirichlet form £ on M, which is obtained by closing
the bilinear form

5(f,g)=/M<Vf,Vg>du7 f,9 € Cg°(M).

It is well-known result by Li and Yau that the heat semigroup P, admits a smooth heat
kernel function p;(x,y) on [0,00) x M x M for which there are constants ¢y, c2, C' > 0 such
that whenever t > 0 and z,y € X,

e—crd(z,y)?/t e—czd(z,y)?/t
S pt(xa y) S C

: (B (B D) V(BB V)

From the Bishop-Gromov comparison theorem, it is known that the non-negative Ricci
curvature lower bound assumption implies

w(B(xz, R)) < CR".
If we assume that there is a lower bound
w(B(z, R)) > cR",

then py(x,y) therefore admits Gaussian heat kernel estimates (dg = n, dy = 2).
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3.1.3 Carnot groups

A Carnot group of step N is a simply connected Lie group G whose Lie algebra can be
stratified as follows:
g:V1@@VN,
where
Vi, Vi] = Vig
and

Vs =0, for s > N.

From the above properties, Carnot groups are nilpotent. The number

N
Q=) idimV;
i=1
is called the homogeneous dimension of G.

Let Vi, ..., V; be a basis of the vector space V;. The vectors V;’s can be seen as left invariant
vector fields on G. The left invariant sub-Laplacian on G is the operator:

It is hypoelliptic and essentially self-adjoint on the space of smooth and compactly sup-
ported function f: G — R with the respect to the Haar measure y of G. The heat semi-
group (P;)i>0 on G, defined through the spectral theorem, is then seen to be a Markov
semigroup. By hypoellipticity of L, this heat semigroup admits a heat kernel denoted by
pe(g,g’). Tt is then known that p; satisfies the double-sided Gaussian bounds:

c! Cid(g, g')? C d(g, ')
1072 &P <—1(§g)> <pi(g,9) < Q73 OXP (—Cz(gtg)> : (3.1.1)

for some constants C, Cy,Cs > 0. Here d(g, ¢') denotes the Carnot-Carathéodory distance
from g to ¢’ on G which is defined by

d
d(g,9') = sup {If(g) — @), Y (Vif) < 1} :

=1

In that case, we therefore have dg = Q and dy = 2.
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Figure 3.1: A part of an infinite, or unbounded, Sierpinski gasket.

Ty Iy Iy

Figure 3.2: Graph approximation of the Sierpinski gasket.

3.1.4 Unbounded Sierpinski gasket

If X is the unbounded Sierpinski gasket, one considers on X the distance d induced by
the Euclidean distance in R?. The Hausdorff measure on X is denoted by p.

E(f)=" > (fl=)— f)?

z,y€ln ,x~y

E(f) = lim <5>n5n<f>

n—+oo \ 3

F={f¢€ L3(X,p),E(f) < +o0}

Theorem 3.1.2 (Kigami, Barlow-Perkins). The quadratic form & with domain F is a
Dirichlet form on L*(X, u) which admits a heat kernel satisfying the sub-Gaussian heat

kernel estimates (3.0.1) with dw = {23 and dg = 3.

3.2 Ahlfors regularity

We consider in this section the general framework outlined at the beginning of the chapter.
Our goal in the section is to prove that the space (X,d, u) is Ahlfors dy-regular. As a
consequence, the number dz is a metric invariant.

Theorem 3.2.1. The space (X,d,u) is Ahlfors dy-regular, i.e. there exist constants
c,C > 0 such that for everyx € X, R > 0,

cR¥ < ju(B(z, R)) < CR.
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We divide onto several lemmas.

Lemma 3.2.2. There exists a constant C' > 0 such that for every x € X, R > 0,
w(B(z, R)) < CR*,
Proof.

/ p(,y)dp(y)
X

> [ pleg)duty)
B(z,R)
dw« 1
cht_dH/dW/ eXp<—62<d(x’y)) dwl>du(y)
B(z,R) t

dyy 1

)M<B<x, R)).

Since [y pe(x,y)dp(y) = 1, one deduces

1 Riw \ 5=
w(B(a, R)) < Ll ox, <C2(t) & )
C1
Choosing t = R™ yields the expected result. O
The second lemma is the following:
Lemma 3.2.3. There exists a constant C > 0 such that for every x € X, t >0, R >0,

)

1 TdW dl—l
dp(y) < Cexp( —=(— )™
/X\B(I’T)pt(w,y) p(y) < eXp( C( ; >
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Proof.

[ wgdnt
X\B(z,r)
c3 d(z, y)™ \ 7
<3 ey (BBY)T
= Ydu/dw /X\B(“) eXp( C4< t ) duy)
_ d(x y)dW dw
B th/dW Z/ $2k,,,)\B(I 2k—1 )exp< C4< t )
o (k—1)dw ey | — 1
k dyy—1
e St (£
¢ di okdr W N T (g \ R
< Gt ZT 2 exp —ea (=) ¥ (277)
d 1
_CZ2dH( g (k= 1>)dH/dW exp<—2_(ijvw£104<r:/2dwk) dW*)
s /(TdW/t)@dW) __dw 1 1
(

dg /dw (_2 duy—1 d 71) —d
s exp w—1cysdw (dw Toz2)s s

) auto)

<C

=3 w2t e

00 _ dy 1
— C/ SdH/dW—l exp(—2 dy —1 C48’1W*1) ds
dW/t

< Cexp(—1 (wa) dWl*l ) .

C\ t
The result follows then from the last following lemma:

Lemma 3.2.4. There exists a constant ¢ > 0 such that for every x € X, R >0,

w(B(z, R)) > cR¥

Proof. On one hand

/ pe(@, y)du(y)
B(z,r)

dyy « 1
cht—dH/dW/ eXp<_C4(d($,y)) dW1> du(y)
B(z,r) t

<est™ /W 1 (B(z,1)).
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On the other hand

/ po(@, y)dpu(y)

B(z,r)

_1- / pe(, y)du(y)
X\B(z,r)

con{ 5))

pu(B(x, 1)) > ctdn/dw (1 - cexp<—é(rdtw) "’W11>) .

Choosing t = ér® with § > 0 small enough one gets the expected result. O

We conclude

3.3 Domain of the form

In this section, we still consider a Dirichlet form £ with domain F on a metric measure
space (X, d, u) whose heat kernel satisfies the sub-Gaussian estimates (3.0.1).
In what follows, if A; and As are two functionals defined on a domain D, we will write

A1(f) = As(f)
if there exist constants ¢, C' > 0 such that for every f € D

cA1(f) < Aa(f) < CA(f).

Our goal is to prove the following theorem.

Theorem 3.3.1. On F

1.2
E(f) ~ liminf - //B( ny x())’ dyu(y) dp(x)

r—0+ rdw 7”)

~ sup —— |/ (y (x)| -
h:imp?“ i, /B(M) M Sy ) dut)
f(y ( )”
0<T<1 rdw / /B(:Er) H (B(x T)) du(y) du(x)
2
N?}i%rw/ / o |f e i)))‘ du(y) dp(x)

Note that it is enough to prove that

|f f(z )|2 |f f@)?

We first prove the lower bound:
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Lemma 3.3.2. For f € F,

|f(y) = f()]® !2
csu d d <&(f
T>I(;TW//B(xT :u‘ .’L'?" #()’u() ()
Proof. We first prove the lower bound. For s,t > 0 and o > 0,

[ [ 15 = rBpite e dnto)

/ / ys) Y)I*pi(@,y)dp(z)du(y)

cht‘dH/dW/ / y5)|f z) — f(y)] 2exp<—C2(d($’f)dW)‘lVV_l)du(x)du(y)
>/ /B(ys y)[Pdu(x)dp(y).

>cit™ dy [dw exp <—CQ

Therefore we have

v [, [ 1@~ 10
(y,s)
dpr /dw
<c;H+dWexp< ) [ [ 15 - 10 Poteyydute)inty

Choosing t = s, one deduces
SdH+dW/ /B(ys) y)Pdp(e)duly <C/ / |f(x ) Ppgaw (@, y)dp(a)du(y).
This yields
o [ e awan) < [ ] 151 nan@ane)
One now has

[ [ 1@ = 5@ Pt pnteduty

= [ [ (@R =20 ) + £ )t du)

- / (Buf?) () dply) — 2 / F (@) Pof (2)dp) + / (Puf?)(@)dpu(z)
X X X
—2(f, ] — Puf)ys

Since 3(f, f — P.f) 12 is decreasing and converges to £(f) when ¢ — 0, one concludes

g [ OIS i) < e
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Our theorem follows therefore from the following lemma:

Lemma 3.3.3. For f € F

/) = f@)F
E(f) < Clggégfm/ /B(M) (B T)) du(y) dp(z)

Proof. We first note that from the previous proof

) = lim = / / P, )| £ () — F()Pdp() duy)

-2 /X /X (e, ) F(@) — £ dp(z) duy)

and estimate as follows. Let r = 6t/ . For d(z,y) < §t/dw the sub-Gaussian upper
bound (3.0.1) implies py(z,y) < Ct=4/4w 5o that

Write

1// pi(, )| f(z) — Fu) I du(z) du(y)

tHdH/dW / [ 196 = S0 dute) d)
< v /B(y’&l/dw) ) — £ ) du(s) = ().

For d(z,y) > 0t/ we instead use the sub-Gaussian bounds (3.0.1) to see there are
¢, C' > 1 such that

pi(z,y) < C'exp( <624> (W) o

dw
>pct(w, y) < Cexp(—c'6w 1 )pe(z,y)

and therefore

v o+ [ [ i@ - )R ) duty
<o) +  exp(~omT) / [ DI~ SR o) )
— B(t) + AV(ct) (3.3.1)

where A is a constant that can be made as small as we desire by making ¢ large enough.
We fix § so that A < % By letting ¢ — 0, one gets

. 2
E(f) < hgolﬂf t1+dH/dW / /B(y st/dw) f(y)‘ dll’l’(:r) d,u(y)
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For A > 0, we define the space K.S*?(X) as the collection of all functions f € L?(X, )
for which

0 ( )2
Hf”?{gA,Q(X) = hmsup/ /B(x " 2 M )) d (y) du(.%') < +00.

r—0t

The L? Korevaar-Schoen critical exponents of the space are then defined as:

A5 = inf {)\ >0 : KSM(X) is trivial} ,

A, = inf {)\ >0 : KSM(X) is dense in LZ} ,

where by trivial we mean that K.S*?(X) contains only almost everywhere constant func-
tions.

Corollary 3.3.4.

dw
Ny = A=
2 2 B
Proof. We know that KS™/22(X) = F is dense in L? and from the previous theorem
f € KSM(X) with \ > dTW implies that £(f) = 0 and thus f constant. O

3.4 Regular Dirichlet forms, Energy measures

In this section, let X be a locally compact and complete metric space equipped with a
Radon measure p supported on X. Let (£, F = dom(€)) be a Dirichlet form on X. We
assume throughout the section that the heat semigroup P; is stochastically complete but
we do not necessarily assume the sub-Gaussian estimates. We denote by C.(X) the vector
space of all continuous functions with compact support in X and Cy(X) its closure with
respect to the supremum norm. A core for (X, p, &, F) is a subset C of C.(X) N F which
is dense in C.(X) in the supremum norm and dense in F in the norm

1/2
(1712 + € D)
Definition 3.4.1. The Dirichlet form & is called reqular if it admits a core.
Lemma 3.4.2. For f,ge FNL>®(X,u), fg € F and

E'? < 11Fll€(9)' 2 + llgllcl ()2

Theorem 3.4.3 (Energy measures). Assume that £ is reqular. For f € F N L™ (X, ),
there exists a unique Radon measure on X denoted dU'(f) so that for every ¢ € FNC.(X),

[ odr(n = 5268, - €.
X



Proof.

/X /X o(2)(F(x) — () 2ol dy)dp(x) = — (I — P)f2,6) +2((I — P, o)

Lemma 3.4.4. Let f € F. Then f, = min(n,max(—n,u)) € F and E(f — fn) — 0.
Lemma 3.4.5. For f,g € FNL®(X,pu) and ¢ € FNCe(X),

\//chdf(f)\//xcbdF(g)

Thanks to the previous lemmas, by approximation, one can define dI'(f) for every f € F.
For f,g € F, one can define dI'(f, g) by polarization.

2

< / $d0(f — g) < 6]l 1= (x 0 EF — )
X

Theorem 3.4.6 (Beurling-Deny). For u,v € F

£(u,v) = /X dT(u, v).

Example 3.4.7 (Uniformly elliptic divergence form diffusion operators). On R"™, we con-
sider the divergence form operator

Lf = —div(oVy),
where o is a smooth field of positive and symmetric matrices that satisfies
al|z|* < (z,0(y)z) <bl|z|?, z,y € R,

for some constant 0 < a < b. Consider the Dirichlet form

- of o
E(f) = Z /naij($)6§i (%J;dx, f e WH(R™).

ij=1
Then & is regular and for f,g € WH2(R"),
dU(f,g) = (ocV f,0Vg)dx.

Example 3.4.8 (Riemannian manifolds). Let (M, g) be a complete n-dimensional Rieman-
nian manifold with Riemannian volume measure . We consider the standard Dirichlet
form £ on M, which is obtained by closing the bilinear form

E(f,9) = / (V,Vg)ydu, f.g€ Cy(M).
M
Then & is reqular and for f,g € F,
dl'(f,g) = (Vf, Vg)du.
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Example 3.4.9 (Carnot groups). Let G be a Carnot group with sub-Laplacian

and Dirichlet form
= / Z (Vif)2dp.

Then & is reqular and for f,g € F,

d

dr(f,9) = >_(Vif)(Vig)da

i=1

Example 3.4.10. Consider on the infinite Sierpinski gasket the Dirichlet form

e = am_(3) &0

n—-+o0o

Then & is regular, but unless f is constant, for f € F, dU(f) is singular with respect to
the Hausdorff measure .

3.5 Energy measure estimates

We now come back in this section to the framework outlined at the beginning of the
chapter, i.e. we assume sub-Gaussian heat kernel estimates.

We first prove that the form & has to be regular. This will follow from a property of the
semigroup P, which is called the Feller property.

Definition 3.5.1. The heat semigroup (P;)¢>o is called a Feller semigroup if:
1. For every t > 0, P(Cy(X)) C Co(X);

2. For every f € Cy(X),
lim |Pef = fllpee(x,u) = 0.

Lemma 3.5.2. The semigroup (P;)¢>0 is a Feller semigroup.

Proof. 1. Let f € Cp(X), t > 0 and € > 0. Since f € Cy(X), there exists a compact
set K C X so that for every y € X \ K, |f(y)| < . One has then

Puf(a)] = \ [ e wint)
< /K pe(, )| F )| daly) + <

cht—dH/dWexp<c (d(xK T > / |f ()l dp(y)
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Thus, P;f vanishes at co. The fact that P;f is continuous easily follows from the
joint continuity of the heat kernel and the proof is let to the reader.

2. Let f € Cy(X) and € > 0. Since f € Cp(X), it is uniformly continuous. Thus there
exists r > 0 so that d(x,y) < r implies |f(z) — f(y)| <e.

From Lemma 3.2.3, one has then

Pif(a r—\/ptxy Y)duly) — /()

_ \ [ s - f(x))dmm\

< /X P, )| £ () — £(2)]duly)

< / P )| () — (@) |du(y) + / P, ) ) — £(@)\duy)
X\B(z,r) B(z,r)

1 /rdw e
<20~ 5 ()™ ) Iflmixn +o

As an immediate corollary of the Feller property, one deduces regularity.
Theorem 3.5.3. & is regular

Proof. If one defines
C= {Ptf7f € CO(X)vt > 0}7

then it is a subset of Cy(X)NF which is dense in C(X) in the supremum norm and dense
in Cy(X) N F in the £ -norm
1/2
(132 +ECLD)

It remains to prove that Co(X) N F is dense in F in the & -norm, which follows from the
fact that the heat kernel estimates imply P;(L*(X, u)) C Co(X) N F for t > 0 (Exercise
D. O
One now turns to a metric estimate of the energy measures.

Theorem 3.5.4. There exist constants ¢,C > 0 such that for every f € F N L>¥(X, )
and associated energy measure dI'(f) we have for every g € F N Cy(X), g > 0,

1 f(y) = f@)P?
ctmgn 3 [ ([, Ui 53 o ) vt

< [ gar(n
! [/ (y) = f (@)
<otmpizic foo0 ([, Sl ) o

44



Proof. We first prove the lower bound. For s,t > 0 and a > 0,

[ [ 1@ = 10t pdutat) duto)
T) — 2pi(z, y)du(z d
E/X/B(w)lf( ) = fW)pe(, y)du(x)g(y) du(y)

et it [ i) = s exp(—@(W) ) aute)oto) duty)

) / /B(y, — F)Pdp(x)g(y) du(y).
Therefore we have

v [, [ W@ = 0P )
<ol o (e(5) ™) [ [ 156 - sPnte vt aut)

SdH +dW

>cit™ dp [dw exp <—CQ

Choosing t = s, one deduces

e i, 0 T Pa)int) < € L[ 15@ = FPrte ).

By letting ¢ — 0 we get the lower bound

: 1 f(y) — f@)
Chﬁiﬂpm Xg(x) </B(m) ,u(B(x,r))dM(y)) du(z) < /ngF(f).

The proof of the upper bound follows closely the proof of Lemma 3.3.3, so is omitted for
conciseness. O

3.6 Strongly local Dirichlet forms

In this section, we still consider a Dirichlet form £ with domain F on a metric measure
space (X, d, u) whose heat kernel satisfies the sub-Gaussian estimates (3.0.1).

Definition 3.6.1. The Dirichlet form is called strongly local if for any two functions
f,9 € F with compact supports such that f is constant in a neighborhood of the support
of g, we have E(f,g) =0

Theorem 3.6.2. The Dirichlet form £ is strongly local.
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Proof. Let K be the support of g and assume that f is constant on an open set O that
contains K. One has,

[ [ 0@ - 16006 - sttt
/X\O/ (@) = FW))(9(x) — 9(y))pe(z, y)dp(w)dp(y)

/ / (@) = F)(9(x) — 9))pi(, y)dpu(x)dpa(y)
X\0

One can estimate

| 1@ = 1wla@) - sl )auadnty
X\0
gC3th/dWexp(—c( RO [ 16 = 10llate) = o)t inty).
Thus,
(.0 =lim o [ [ (1) = £ 0() = sl ()t =

O

Definition 3.6.3. The energy measures I'(u,v) inherit a strong locality property from &,
namely that 1ydl(u,v) = 0 for any open subset U C X and u,v € F such that u is a
constant on U. One can then extend T’ to Fioc(X) defined as

Froe(X) ={u € L} (X) :V compact K C X,3v € F such that u = v|x a.e.}.

We will still denote this extension by I'. We collect some properties of this extension.

e Strong locality. For all u,v € Floe(X) and all open subset U C X on which u is a
constant

1ydl (u,v) = 0.

o Leibniz and chain rules. For all u € Fioe(X),v € Floe(X) N LS (X), w € Floe(X)
and n € C'(R),

dl (uwv, w) = udl (v, w) + vdl'(u, w),
dl'(n(u),v) = 1’ (u)dl(u,v).
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Chapter 4

Strictly local Dirichlet spaces

Throughout the chapter, let X be a locally compact and complete metric space equipped
with a Radon measure p supported on X. Let (£,F = dom(€)) be a Dirichlet form on
X. We assume throughout that the heat semigroup F; is stochastically complete and that
the form & is strongly local and regular.

4.1 Intrinsic metric

We denote by C.(X) the vector space of all continuous functions with compact support
in X and Cy(X) its closure with respect to the supremum norm.
With respect to £ we can define the following intrinsic metric de on X by

de(z,y) = sup{u(z) —u(y) : uwe FNCy(X) and dI'(u,u) < dp}. (4.1.1)

Here the condition dI'(u, u) < dp means that I'(u, w) is absolutely continuous with respect
to p with Radon-Nikodym derivative bounded by 1.

The term “intrinsic metric” is potentially misleading because in general there is no reason
why dg is a metric on X (it could be infinite for a given pair of points z, y or zero for some
distinct pair of points).

Definition 4.1.1. A strongly local regular Dirichlet space is called strictly local if dg is a
metric on X and the topology induced by de coincides with the topology on X.

Example 4.1.2 (Uniformly elliptic divergence form diffusion operators). On R"™, we con-
sider the divergence form operator

Lf =—div(eVf),
where o is a smooth field of positive and symmetric matrices that satisfies

allz)? < (z,0(y)z) < bz, z,y €R",
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for some constant 0 < a < b. Consider the Dirichlet form

-y [ out@rg o Gt S EWERY,
n 8:01

,j=1

Then & is a strictly local Dirichlet form such that

de(z,y) ~ [lz —yl|.

Example 4.1.3 (Riemannian manifolds). Let (M, g) be a complete n-dimensional Rieman-
nian manifold with Riemannian volume measure p. We consider the standard Dirichlet
form € on M, which is obtained by closing the bilinear form

(.9 = [ (VF.a)du f.9 € CF0M)
Then & is a strictly local Dirichlet form such that

dg(z,y) = dyg(z,y).
Example 4.1.4 (Carnot groups). Let G be a Carnot group with sub-Laplacian

d
L=) V
i=1
and Dirichlet form
= / > (Vif)2dp.
Gi=1

Then & is a strictly local Dirichlet form such that
Clg(l’, y) = dCC(J"? y)

where doc is the so-called Carnot-Carathéodory distance which is defined as follows.

An absolutely continuous curve v : [0,T] — G is said to be subunit for the operator L if
for every smooth function f: G — R we have |2 f(v(t))| < /(Tf)(7(t)). We then define
the subunit length of v as ls(y) =T.

Given x,y € G, we indicate with

S(z,y) ={7:[0,T] = G | v is subunit for T',v(0) =z, v(T) = y}.
It is a consequence of the Chow-Rashevskii theorem that
S(z,y) #0,  for every z,y € G.

One defines then
doc(z,y) = inf{ls(7) [ v € S(z,y)}, (4.1.2)

Example 4.1.5. Consider on the infinite Sierpinski gasket the Dirichlet form

E(f) = lim (g)nenm-

n—-+o0o

Then & is regular, but unless f is constant, for f € F, dU(f) is singular with respect to
the Hausdorff measure . As a consequence & is not strictly local.
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4.2 Volume doubling property and Poincaré inequality

Definition 4.2.1. We say that the metric measure space (X, dg, ) satisfies the volume
doubling property if there exists a constant C > 0 such that for every x € X and r > 0,

pw(B(z,2r)) < C p(B(z,7)).

It is easily seen that it follows from the doubling property of p that there is a constant
0< @ <ooand C > 1 such that whenever 0 < r < R and x € X, we have

pu(B(z, R)) R\“
uwmﬂ><0@>‘ (4.2.1)

Definition 4.2.2. We say that (X, u,E,F) supports the 2-Poincaré inequality if there are
constants C > 0 and X\ > 1 such that whenever B is a ball in X (with respect to the metric
dg) and v € F, we have

/ |u — up|?du < C'rad (B)? / dl (u, w).
B AB
A theorem due to Grigorian, Saloff-Coste and Sturm is the following:

Theorem 4.2.3. Let (X,d =dg,E, u, F) be a strictly local Dirichlet space. The following
are equivalent:

1. (X, u, &, F) supports the 2-Poincaré inequality and (X,dg,p) satisfies the volume
doubling property;

2. The heat semigroup P; admits a jointly continuous heat kernel function py(z,y) on
[0,00) X X x X for which there are constants c1,ca,C > 0 such that whenever t > 0
and x,y € X,

1 e—cld(a:,y)2/t e—CQd(l’vy)2/t

C u(Bla vy =Y =C G vy

The proof is divided into several lemmas.

(4.2.2)

Lemma 4.2.4. Assume (4.2.2). Then (X, dg, u) satisfies the volume doubling property.
Proof.

S~

pe(z,y)dp(y)

v
S

pe(z,y)du(y)
B(z,R)

Y

/ 1 efcld(x’y)Q/td W)
= o, Lauly

B(.Rr) C n(B(z,Vt))

1 efcle/t

C u(B(z, V1))

v

1(B(z, R)).
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Since [y pe(x,y)du(y) = 1, one deduces
u(B(z, R)) < Cer B/t u(B(x, V).
Choosing t = R?/4 yields the expected result. O

Lemma 4.2.5. Assume (4.2.2). Then (X, u,E,F) supports the 2-Poincaré inequality.

Proof. The proof uses the Neumann heat kernel and we skip some of the details. Let
xo € X and r > 0. We denote Q2 = B(xg,7). Let Dq be the set of functions f € Fj,. such

that for every g € Fioe,
/ gLfdy = —/ dr'(f, ).
0 Q

It is easy to see that L is essentially self-adjoint on Dgq. Its Friedrichs extension, still
denoted L, is called the Neumann Laplacian on 2 and the semigroup it generates, the
Neumann semigroup. Denote this semigroup by P/¥. By using the global lower bound

¢ (o)
o) 2 o ()

for the heat kernel, it is possible to prove a lower bound for the Neumann heat kernel on
the ball B(xg,r): For x,y € B(xg.r/2),

T p—

PEEY ) 2 Blao,r/2))

We have for f € Dq

T2/2d
PR = (PYul = [ GRN (P s

By integrating over €2, we find then,

r2/2 d
/P2/2 f2 2/2f) dﬂ__/o /th(Pth)zdﬂdt

But on the other hand, we have

| Pt = PRt =5 [ [ 5 (7(@) = £ Puda) duty)

1 N B 20z
> /Q v i /Qpﬂ(x,y)(f(x) ) Pdp(@) diy)
S o o T S0P ity
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which gives

2
N 42 N £\2 o1 .
/QPTZ’/Q(f ) — (PTQ/f) dp > C o2 (f(l") WQ/2) /Q/2 fd,u) du(x)

The proof is complete.

o1



